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Abstract

Competitive facility location is concerned with the
strategic placement of facilities by competing market
players. In the Discrete Voronoi Game VG(k,1), two
players P; and Ps, respectively, strive to attract as
many of n users as possible. Initially, P; first chooses a
set F' of k locations in the plane to place its facilities.
Then, P> chooses a set S of [ locations in the plane to
place its facilities, where S N F = (). Finally, the users
choose the facilities based on the nearest-neighbour rule.
The goal for each player is to maximize the number of
users served by its set of facilities.

By establishing a connection between VG(2,1) and
e-nets, we provide an algorithm running in O(nlog* n)
time to find a %—factor approximation of the optimal
strategy of P; in VG(2,1). We also prove that for any
real number 0 < a < 1, there exists a placement of %
facilities by P; such that Py can serve at most an users
by placing one facility.

1 Introduction

Competitive facility location is concerned with the
strategic placement of facilities by competing market
players. The main objective is to judiciously place a set
of facilities, represented as points in the plane, serving
a set of users such that certain optimality criteria are
satisfied. Each facility has its service zone, consisting of
the set of users it serves. Competitive facility location
has been studied in several contexts [1, 7, 8, 9].

In this paper, we assume that the facilities are equally
equipped in all respects, and a user always avails the
service from its nearest facility. The Voronoi Game
refers to the following facility location problem [1, 13].
Two players alternately place one point in the plane,
until each of them has placed a given number of points.
Then we subdivide the plane according to the nearest-
neighbour rule. The player whose points control the
larger area wins. To solve a Voronoi game corresponds
to find an optimal strategy for each player.

In the discrete version [4], users are also represented
as points in the plane (refer to Figure 1). In such a
scenario, when the users choose the facilities based on
the nearest-neighbour rule, the optimization criteria is
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Figure 1: Distribution of users, denoted by the small
points, among two competing market players denoted
by red and blue large points.

to maximize the number of users served by each player.
Moreover, in this paper, we study a version of the dis-
crete Voronoi game where P; first places all its facilities,
after which Py places all its facilities.

Consider a set U of users and a set F of facilities. For
every facility f € F, we define the service zone U(f, F)
as the set of users in U that are served by f. The
discrete Voronoi game is a competitive facility location
problem where given a set of users U, two competitive
companies or players P; and Ps place two disjoint sets
of facilities. Any user u; € U is said to be served by
Pj;, 7 € {1,2}, if the facility closest to u; is owned by
P;. For any placements of facilities ' and S by P; and
Po, respectively, the payoff of P2 (or the value of the
game) V(F,S) is defined as the cardinality of the set
of users in U that are served by a facility owned by Ps.
More formally, V(F,S) = |U;cs U(f, FUS)|. Similarly,
the payoff of Py is [U| = V(F,S) = [U;ep U(f, FUS)|.
With these notations, the Discrete Voronoi Game on
the plane, noted VG(k, 1), can be formally described as
follows.

Definition 1 (Discrete Voronoi Game VG(k, 1))

Let U be a set of n users and Py and Po be two players.
Initially, P1 chooses a set F of k locations in the
plane to place its facilities. Then Po chooses a set S
of 1 locations in the plane to place its facilities, where

SNF=0.

1. Given any choice of F' by Py, the objective of Py is
to find a set S* of l points that mazimizes V(F,S),
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where the maximum is taken over all sets of | points
S C R%. Formally, the objective of Py is to find a
set S* of | points such that

V(F,S*) = ggg}g V(F,S).
e

2. The objective of Py is to choose a set F* of k fa-
cilities to minimize the maximum payoff of Pa. In
other words, the objective of Py is to find a set F*
of k points such that

max V(F, S)
SCR?
[sT=t

is minimized when F = F*, where the minimum is
taken of over all sets of k points F C R2.

Banik et al. [3] studied a version of VG(k, k), where
U is restricted to a line. They showed that, if the sorted
order of points in U along the line is given, then for any
given placement of facilities of P;, an optimal strategy
for Py can be computed in linear time. They also pro-
vided results for determining an optimal strategy for
Pi1.

The discrete Voronoi game when the user set consists
of a finite set of n points in R? was first considered by
Banik et al. [4], where they studied the following version
of the game. The players P; and P, already own two
sets of facilities F' and S, respectively. The player P,
wants to place one more facility knowing that P, will
place another facility afterwards. This game is called
the One-Round Discrete Voronoi Game in Presence of
Erzisting Facilities, or One-Round-VG(F,S) for short.
The optimal strategy of Ps, given any placement of Py,
is identical to the solution of the MaxzCov problem stud-
ied by Cabello et al. [5]. Consider a set U of users, two
sets of facilities F' and S, and any placement of a new
facility f by Pi. Let Uy C U denote the subset of users
that are served by Pi, in presence of F, S, and f. For
every point u € Uy, consider the nearest facility disk C,
centered at u and passing through the facility in FU{f}
which is closest to u. Note that a new facility s placed
by Po serves any user u € U; if and only if s € C,.
Let C = {Cy,|u € U;}. Any optimal strategy for Py is
a point which is inside a maximum number of circles
among the circles in C. This is the problem of finding
the maximum depth in an arrangement of n disks, and
can be computed in O(n?) time [2]. Banik et al. [4]
study how this arrangement changes as f and s move
in the plane. They provide a complete characterization
of the event points and obtain an algorithm running in
O(n®) time for computing an optimal placement of P;.

In the One-Round-VG(F, S), if S = @, the game re-
sembles VG(k,1). The difference is that in VG(k, 1),
P1 can choose the location of all of its facilities whereas

in the One-Round-VG(F, ), Py can only choose the
location of one facility. Moreover, the solution to the
One-Round-VG(F, @) takes polynomial time, where the
polynomial has a very high degree. In this paper, we fo-
cus on achieving approximate solutions to VG(k, 1) with
significantly better running times.

In Section 2, we provide an approximate solution to
the optimal strategy of P; in VG(2,1) by establishing
a connection between VG(2,1) and e-nets. To the best
of our knowledge, this is the first time that Voronoi
game is studied from the point of view of e-nets. We
also extend the study to provide a bound on the payoff
of Py in VG(k,1). We prove that for any real number
0 < a < 1, there exists a placement of % facilities by
Py such that P, can serve at most an users by placing
one facility.

2 An Approximate Solution

In this section, we provide an approximate solution to
VG(2,1) by establishing a connection between e-nets
and Voronoi games. Let us begin our discussion by
defining what is an e-net.

Definition 2 (Weak e-net) Consider any real num-
ber e € [0,1]. Let X be a finite set of points in R? and
R be a set of subsets of X. We call the pair (X,R) a
range space. The elements of X and R are called points
and ranges of the range space, respectively. A finite set
N € R? is a weak e-net for (X, R) if N intersects every
set K € R with |[K| > €| X]|.

Mustafa and Ray [12] proved the following theorem.

Theorem 1 Let P be a set of n points in R2. There
exist two distinct points z1(P) and z2(P) such that any
convex set containing at least %n points of P also con-
tains at least one point in {z1(P), z2(P)}.

Given a set P of n points, Langerman et al. [10] de-
scribed an O(n log* n) time algorithm to find z; (P) and
zo(P). We will show if a set U of n users is given and
if P; places its facilities at points 21 (U) and z2(U), Py
can guarantee a payoff of %n Suppose P; placed its
facilities at points z1(U) and z2(U), and there exists a
placement of facility s by P, which serves more than
%n users. Observe that Py will serve the set of users
present in the Voronoi region of s in the Voronoi dia-
gram of f1, fo and s. The Voronoi region of s is a convex
set which does not contain any of f; and fs but contains
more than %n points of U. This contradicts Theorem 1.
Therefore we have the following observation.

Observation 1 For any given set of n users U, there
exist two points p1 and py such that placing its facilities

at those two points, Py can guarantee a payoff of at least

3
=n.
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Next we prove that given any placement of facilities
{f1, f2} by P1, there exists a placement by P, such that
Py can guarantee a payoff at least 7. Let £ be the
line joining f; and fo (see Figure 2). Denote the lines

2 Ry %
Ry | R

bil J2

3

v

Figure 2: Minimum payoff of Ps.

perpendicular to £ and passing through f; and fo by ¢4
and ¢, respectively. Observe that ¢; and ¢ divides R?
into three regions R;, Ry and Rj3, respectively. Observe
that by placing one facility in R; or R3, P2 can serve
all the users in Ry or R3. Hence if one of R; or R3
contains more than 7 users, Py can serve 7 users. On
the other hand if none of Ry or R3 contains more than
% users, Ry contains at least 5 users. Consider the line
{3, parallel to ¢; and /5 and bisecting the line segment
joining f1 and fo. Observe that by placing a facility
very close to f1, on the line segment joining f; and fs,
P5 can serve all the users in the region bounded by the
lines ¢; and /3. Similarly by placing a facility very close
to fo, on the line segment joining f; and fo, P can
serve all the users in the region bounded by the lines
f5 and f3. As R contains at least 5 users one of these
two regions must contain at least % users. Hence, Ps
can still serve at least Z users. Therefore we have the

1
following observation.

Observation 2 Let a set U of n users and the place-
ment of two facilities by P1 be given. There exists a
placement of one facility by Po such that Py can guar-

antee a payoff of 7.

Denote the optimal payoff for P; in VG(2,1) by A.
From Observation 2, we have A < %". From Observa-
tion 1, we know there exist a placement which guaran-
tees a payoff of 37" Therefore, we have the following

lemma.

Lemma 2 There exists an algorithm running in
O(nlog* n) time to find a % factor approzimation of the
optimal strategy of P in VG(2,1).

We have already proved that in VG(2,1) there exists
a placement strategy by P; such that P, can get at
most %n users. We want to extend this study for any
real number 0 < o < 1. That is, given any 0 < o <

1, determine whether there exists an integer f(«) such
that, in VG(f(a), 1), there is a placement strategy by
Py such that P, can get at most an users. It is known
that for any convex range spaces and any 0 < € < 1
there exists an e-net of size O(1polylogl) [6]. Hence
for any real number 0 < a < 1, f(a) € O(ipoly]ogi).
The question is whether f(a) € O(1)? We answer this
question affirmatively.

Lemma 3 Let be given a set U of n users, a set of fa-
cilities F' placed by P1 and a facility s placed by Pa, such
that s serves an users. There exists a circle which does
not contain any of the facilities from F and contains at
least [ %G*] users.
Proof. Denote by Us the set of at least an users served
by s. Consider any six rays emerging from s such that
the angle between any two consecutive rays is 60° (see
Figure 3). These six rays divide the plane into six re-
gions. At least one of these regions contains at least <*
users from U,. Let A be such a region and U’ C U, be
the users present in \.

Consider any user v € U’ which is farthest from s.
Denote the circle centered at s and passing through u
by Cs (see Figure 3).

Figure 3: Illustration of lemma 3.

Let the distance between u and s be d. As u € U’
is farthest from s, therefore all the users of A lie in the
region A N Cy. Since the angle between the bounding
lines of A is 60°, the maximum distance between any
two points in A N Cy is d. Hence the circle C,, centered
at u with radius d contains all the users in ANCj. Since
u is served by s, C, does not contain any other facility
from F. Hence the result holds. O

The following theorem is due to Matousek, Seidel and
Welzl [11].
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Theorem 4 Let 0 < € < 1 be a real number and let
D be a family of disks. For every finite point set S in
the plane there exists an e-net with respect to D of size

O(1/e).

We prove the following theorem using Lemma 3 and
Theorem 4.

Theorem 5 For any real number 0 < a < 1 and any
set U of n users, there exists an integer k € O(i) such
that in VG(k,1), P1 can choose k points to place its
facilities such that Py can serve at most an users by

placing one facility.

Proof. Fix ¢ = ¢. Find the enet E for disks of
size k € O(1/¢) such that any disk which contains en
users contains at least one point from E. Therefore,
k € O(1/a). We claim that if P; places its facilities
at E, P will get at most an users. Suppose there ex-
ists a placement of facility by Ps which serves an + 1
users. From Lemma 3, we know that there exist a disk
which does not contain any point from E and contains
[¢2E1] > en users. This contradicts the fact that E is
an e-net for the set of users. O

Let P be any set of n points in the planeand 0 < € < 1
be any real number. Given a set of points @ and a
set of disks D, we say that @ pierces D if for any disk
D e D, DNQ # 0. We know by Theorem 4 that for any
0 < e < 1, there exists a set of k € O(1/¢) points which
pierces all the disks that contain en points. However the
constant hidden in the O—notation is fairly big. Next,
we prove that given any set P of n points, there exists
a set of 7/e points which pierces any disk that contains
en points.

Given a set of n points P, let the minimum disk that
contains en points from P be D*. Consider the set D
of all disks D such that D* N D # () and D contains at
least en points from P.

Lemma 6 The set D can be pierced by 7 points.

Proof. Let D* be centered at ¢ and denote the radius
of D* by r. Consider the disk D** centered at ¢ with
radius 2r (see Figure 4). We construct a set @, con-
taining 7 points, that pierces D. We first include ¢ in
@. Consider any six rays emerging from c such that
the angle between any two consecutive rays is 60° (see
Figure 5). Let A be any of the six sectors defined by
these rays. Consider the set D) C D of disks that do
not contain ¢ and whose centers are in A\. We show that
there exists a point that pierces Dy.

Observe that the center of any disk in Dy must lie
outside of D* because D* is the minimum radius disk
that contains en points. The disks D* and D** inter-
sect the boundary of X in four points pi, ps, p3 and py,
respectively (see Figure 5). Using elementary geome-
try, we can show that there exists a point ¢ such that

D**

Figure 4: Minimum disk containing en points.

14 4

Figure 5: Illustration of Lemma 6.

[p1g| = |p2q] = |psq| = |pag| = r (see Figure 5). Let
p € A\ D* be the center of a disk D; in D). We consider
two cases: (1) p € A\D** or (2) p € AN D**.

1. Without loss of generality, assume that p is on the
line joining py and p4 (see Figure 6). From the def-

D*

Figure 6: Illustration of the proof of Lemma 6, Case

(1).

inition of ¢, we have d(q,p2) = d(q,ps) = r, where
d(a,b) denotes the distance between the points a
and b. Furthermore, d(pa,ps) = r. Therefore,
Agpap, is an equilateral triangle. Hence, the angle
Zqpaps = 60°. Let the distance between ps and p
be p. Let the radius of D; be r;. Since D; N D* # (),
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we have
Ti 2 T4 p. (1)

Consider the triangle Agpyp. From the triangle
inequality we have

r+p>d(p,q). (2)

From equation 1 and 2 we have r; > d(p, ¢). Hence,
q pierces D;.

2. Without loss of generality, assume that p is on the
line joining ps and py (see Figure 7). The radius

D*

Figure 7: Illustration of the proof of Lemma 6, Case

2).

of D; is at least r because D* is the minimum-
radius disk that contains en points. As Agpapy is
equilateral, the distance from any point on the line
papa is less than d(pe, q¢) = r. Hence, ¢ pierces D;.

O

Given a set P of n points, we provide an iterative
algorithm to find an e-net Q. of size 7/e. At each stage
of the algorithm, we find the minimum disk D* that
contains en points of P. From Lemma 6, we know there
exists a set @) of 7 points which pierces the set of all
disks containing en points of P and having a nonempty
intersection with D*. We include the points in @ to Q).
and remove all points of P which are inside D*. We
continue this process until P contains no more than en
points. Therefore, the cardinality of Q. at the end of
the process is at most 7/e. We claim that this algorithm
correctly finds an e-net for P.

Suppose @, is not an e-net for P. Hence, there exists
a disk D, which contains at least en points, that is not
pierced by any of the points in Q.. Denote by D; the
minimum disk, which contains en points from P, that
we choose at stage i of the algorithm. If D did not
intersect with any of the D,’s, then D would contain
less than en points. Therefore, let D; be the first disk

that has a nonempty intersection with D. Notice that
none of the points in D has been removed from P at
earlier stages. Thus, from Lemma 6, D must be pierced
by one of the 7 points chosen at stage j. Hence, we have
the following theorem.

Theorem 7 Given any set P of n points, there exists
a set of 7/e points which pierces the set of all the disks
that contain at least en points.

From Theorem 7 and Lemma 3, we have the following
theorem.

Theorem 8 For any real number 0 < o < 1, there
exists a placement of % facilities by Py such that Po
can serve at most an users by placing one facility.

3 Conclusion

Using an approach similar to that of Banik et al. [4],
we can solve VG(2,1) exactly. If we fix the locations
of the facilities (f; and fo for P;1, and s for Py), we
can define a nearest facility disk for each user (refer to
Section 1 or to [4]). This defines an arrangement of
cells. We claim that the boundary of each cell in this
arrangement is made of circular arcs or line segments.
By studying how this arrangement changes as we move
f1, fo and s, we can compute the optimal strategy for
P, and Py. However, this leads to a polynomial time
algorithm, where the polynomial has a very high degree.

We would like to find a different approach to solve the
problem exactly which would lead to a faster algorithm.
This will be the subject of further research.

References

[1] Hee-Kap Ahn, Siu-Wing Cheng, Otfried Cheong,
Mordecai J. Golin, and René van Oostrum. Com-
petitive facility location along a highway. In CO-
COON, pages 237-246, 2001.

[2] Boris Aronov and Sariel Har-Peled. On approxi-
mating the depth and related problems. SIAM J.
Comput., 38(3):899-921, 2008.

[3] Aritra Banik, Bhaswar B. Bhattacharya, and
Sandip Das. Optimal strategies for the one-round

discrete voronoi game on a line. J. Comb. Optim.,
26(4):655-669, 2013.

[4] Aritra Banik, Bhaswar B. Bhattacharya, Sandip
Das, and Satyaki Mukherjee. One-round discrete
Voronoi game in R? in presence of existing facili-

ties. In CCCG, pages 37-42, 2013.

[5] Sergio Cabello, José Miguel Diaz-Bénez, Stefan
Langerman, Carlos Seara, and Inmaculada Ven-
tura. Facility location problems in the plane based



26'" Canadian Conference on Computational Geometry, 2014

on reverse nearest neighbor queries. Furopean
Journal of Operational Research, 202(1):99-106,
2010.

[6] Bernard  Chazelle,  Herbert  Edelsbrunner,
Michelangelo Grigni, Leonidas J. Guibas, Micha
Sharir, and Emo Welzl. Improved bounds on
weak epsilon-nets for convex sets. Discrete &
Computational Geometry, 13:1-15, 1995.

[7] Horst A. Eiselt and Gilbert Laporte. Competitive
spatial models. FEuropean Journal of Operational
Research, 39(3):231-242, 1989.

[8] Horst A. Eiselt, Gilbert Laporte, and Jacques F.
Thisse. Competitive location models: A framework
and bibliography. Transportation Science, 27:44—
54, 1993.

[9] Terry L. Friesz, Roger L. Tobin, and Tan Miller.
Existence theory for spatially competitive net-
work facility location models. Ann. Oper. Res.,
18(1):267-276, 1990.

[10] Stefan Langerman, Mudassir Shabbir, and William
Steiger. Computing small hitting sets for convex
ranges. In JCDCGG, pages 116117, 2013.

[11] Jiff Matousek, Raimund Seidel, and E. Welzl. How
to net a lot with little: Small epsilon-nets for disks
and halfspaces. In Symposium on Computational
Geometry, pages 16-22, 1990.

[12] Nabil H. Mustafa and Saurabh Ray. An optimal ex-
tension of the centerpoint theorem. Computational
Geometry, 42(6-7):505 — 510, 20009.

[13] Dennis Shasha. Codes, Puzzles, and Conspiracy.
Henry Holt, 1992.



