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The Duality of Geodesic Voronoi/Delaunay Diagrams For An Intrinsic
Discrete Laplace-Beltrami Operator on Simplicial Surfaces

Yong-Jin Liu, Chun-Xu Xu*

Abstract

An intrinsic discrete Laplace-Beltrami operator on sim-
plicial surfaces S proposed in [2] was established via an
intrinsic Delaunay tessellation on S. Up to now, this in-
trinsic Delaunay tessellations can only be computed by
an edge flipping algorithm without any provable com-
plexity analysis. In the paper, we show that the in-
trinsic Delaunay triangulation can be obtained from a
duality of geodesic Voronoi diagram on S with a proof
that this duality exists under two practical assumption-
s. Then the fast and stable computation of geodesic
Voronoi diagrams provides a new way to compute the
intrinsic discrete Laplace-Beltrami operator on S. Giv-
en the duality, the time and space complexities of the
intrinsic Delaunay triangulation are the same as that of
geodesic Voronoi diagram, which are O(m?logm) and
O(m), respectively, where m is the number of vertices
in the intrinsic Delaunay triangulation.

1 Introduction

A simplicial surface S is a simplicial complex in R3
whose geometric realization is a simplicial 2-manifold
mesh. In this paper, we study the simplicial surfaces
without boundaries. The discrete Laplace operator on
S is defined as the gradient of the discrete Dirichlet en-
ergy [4, 14]. Bobenko and Springborn [2] summarized
that there are two drawbacks in this definition of dis-
crete Laplace operator: (1) the weights in the discrete
Dirichlet energy may be negative and (2) the definition
is not intrinsic, that is, two simplicial surfaces which are
isometric but have different triangulations may lead to
different discrete Laplace operators.

A new intrinsic discrete Laplace-Beltrami operator on
simplicial surfaces S was proposed in [2], which over-
comes these two drawbacks: (1) its weights are all non-
negative and it is called discrete Laplace-Beltrami oper-
ator due to analogy to the positive weights in classical
Laplace-Beltrami operator on a smooth surface with a
Riemannian metric [15], and (2) it is intrinsic, that is, it
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is only dependent on an intrinsic Delaunay triangulation
of S. Compared to the discrete Laplace operator, the
intrinsic discrete Laplace-Beltrami operator has better
numerical behavior and finds a wide range of applica-
tions in geometric modeling and pattern analysis.

The construction of the intrinsic discrete Laplace-
Beltrami operator relies on an intrinsic Delaunay tri-
angulation of a simplicial surface S. Up to now, this in-
trinsic Delaunay triangulation of S can only be obtained
by an edge flipping algorithm [6, 7]. Indermitte et al. [7]
showed that this edge flipping algorithm terminates in
a finite number of steps and thus the intrinsic Delaunay
triangulation exists. The uniqueness of the Delaunay
tessellation! was proved in [2]. A detailed implementa-
tion of the edge flipping algorithm was presented in [6].
Both works [6, 7] did not provide a complexity analysis
of the edge flipping algorithm. In [7] a Voronoi diagram
was also constructed by using a duality of the intrinsic
Delaunay triangulation. However, there is no proof that
shows such a duality always exists.

In this paper we present formal definitions for a
geodesic Voronoi diagram and an intrinsic Delaunay
triangulation in a simplicial surface S. Based on the
closed ball property introduced in [5], we prove that if
source points of a geodesic Voronoi diagram satisfy two
assumptions, the duality between geodesic Voronoi dia-
gram and intrinsic Delaunay triangulation exists. Since
the geodesic Voronoi diagram on S can be computed fast
and stably [9], the results in this paper suggest a new
way to compute the intrinsic discrete Laplace-Beltrami
operator using the duality of geodesic Voronoi diagram
on S. Based on the duality and the known time and s-
pace complexities of geodesic Voronoi diagram [11], the
time and space complexities of the intrinsic Delaunay
triangulation on S is obtained.

2 Preliminaries

A geometric realization of a simplicial surface in R? is
a simplicial 2-manifold mesh M, which is flat except at
isolated points, called cone points, where each point has
a cone neighborhood. Denote by V', E and T the set of
vertices (i.e., cone points), edges and triangular faces in

LA Delaunay triangulation is obtained from the Delauany tes-
sellation by triangulating the non-triangular faces.
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Figure 1: Geodesic path and triangle. (a) Geodesic
paths between points p and ¢ inside triangles
(t1,t2,ts,t4,t5), which are unfolded into a plane. For
the source point p, if the target point ¢ € I;, the
geodesic path is a line pg; if ¢ € I (or ¢ € I3), the
geodesic path is a polyline po1g (or poivzq). (b) A
geodesic triangle in a spherical mesh. Three bound-
ary g-edges are shown in red and g-vertices are shown
in blue dots.

M. In this paper, we make the mesh vertices and cone
points interchangeable.

The shortest path between any two points p and ¢ in
M is a geodesic and its geodesic distance is denoted by
dg(p,q). In M, a geodesic is a polyline going through a
set of edges and cone points. A geodesic structure was
analyzed in [12], which use the fact that when the tri-
angles passed by these edges are unfolded into a plane,
the geodesic become a straight line segment. In V', de-
note by saddle vertices those vertices in M whose total
surrounding angle is larger than or equal to 27. It was
proved in [12] that if a geodesic passes through some
mesh vertices other than its two endpoints, these mesh
vertices must be saddle vertices (Figure 1(a)).

A geodesic triangle t9 in M is a simple region (i.e., it
is homeomorphic to a planar disk and its boundary is a
simple, closed curve) whose boundary consists of three
geodesics (Figure 1(b)). Each geodesic in the boundary
Ot9 of t9 is called a g-edge of t9 and each endpoint of
a g-edge in JtY is called a g-vertex of t9. A geodesic
triangulation in M is a family 79 of geodesic triangles
t7, such that

b Uz’:l t? =M,

o IftNt] # 0,4 # j, then t] Nt] is either a common
g-edge or g-vertex of ¢! and t7.

Every smooth 2-manifold admits a triangulation [1].
A geodesic triangulation in M, however, need to be
carefully constructed. For example, between two points
in a 2-manifold, there may not be a unique geodesic
between them, such as the north and south poles of a
sphere model.

In M, an open geodesic disk centered at a point p €
M of radius r is defined as DI(p) = {g € M : d4(p,g) <
r}. The boundary of DY(p) is dDY(p) = DI (p) \ DI(p),

Both VC(p,) and VC(p,) are multi-
connected, and they are intersected at
2y, three closed Voronoi edges.

- D1
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A geodesic Voronoi diagram of eight source points

Figure 2: Two geodesic Voronoi diagrams of a set of
source points (shown in blue) in an eight model: the
trimmed bisectors (i.e., Voronoi edges shown in red)
partition the surface into regions and each region is a
Voronoi cell of a source point. The Voronoi diagram
is shown with (left) and without (right) surface ren-
dering. Note that some Voronoi cells intersects at more
than one Voronoi edge and some Voronoi cells are multi-
connected (i.e., they are not simple regions). So this
general Voronoi diagram does not have a dual intrinsic
Delaunay triangulation as defined in Section 2.

where D7 (p) is the closure of DI(p). A regular region
Q in M is called an embedded disk if 2 is homeomor-
phic to a planar disk. A geodesic disk that is also an
embedded disk is denoted as an e-g-disk. A geodesic
triangulation 7Y is a Delaunay geodesic triangulation if
and only if Vt9 € T9, there is an e-g-disk D such that
0D passes through three g-vertices of ¢ and D does not
contain any g-vertex of 19,

Given a set of points P = {p1,p2,-+* ,pm } in M, the
Voronoi cell of p; in M is defined in [9] by VC(p;) =
{a = dy(piq) < dy(pj q),i # j,q € M} (Figure
2). The geodesic Voronoi diagram of P, GVD(P) =
{VC(p1),VC(p2), -+ ,VC(pm)}, forms a tessellation of
M, since all Voronoi cells are mutually exclusive or
semi-exclusive, | J;*; VC(p;) = M.

In the Euclidean plane, we can construct the dual
graph of the Voronoi diagram of point set P by con-
necting by line segments all pairs of points from P whose
Voronoi cells share a common Voroni edge [13]. When
the set P is in a general position (i.e., no four points
on a circle or three points collinear), the dual can be
shown to be the planar Delaunay triangulation. In a 2-
manifold M there may be no duality between geodesic
Voronoi diagram and geodesic Denaulay triangulation
(Figure 2), since in M there may be several geodesic-
s between any two points and any number (including
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zero) of empty geodesic disks whose boundaries pass
through any three points. In this paper, we prove that a
duality between geodesic Voronoi diagram and geodesic
Denaulay triangulation does exist in manifold M when
the given point set P includes all cone points in M and
satisfies two assumptions from Section 3. This duality
is unique, since the Delaunay tessellation of P in M was
proved to be unique [2].

3 Geodesic Voronoi Diagram and lts Duality

The traditional discrete Laplace operator [4] depend-
s on the original triangulation T" of M. By observ-
ing its drawbacks of possibly negative weights and non-
intrinsic property, the key idea in [2] is to use a Delau-
nay triangulation of the same cone point set V' of M for
defining an intrinsic discrete Laplace-Beltrami operator.
In this paper, we study the geodesic Voronoi diagram
of the cone point set V' and its duality for a geodesic
Delaunay triangulation of V in M.

Let P = {p1,p2, - ,pm} be a set of points in M
and its geodesic Voronoi diagram consists of Voronoi
cells GVD(P) = {VC(p1),VC(p2),--- ,VC(pm)}. The
boundary of each Voronoi cell VC(p;) consists of Voronoi
edges separated at Voronoi vertices. Each Voronoi edge
in GVD(P) is incident to two Voronoi cells and each
Voronoi vertex in GVD(P) is incident to at least three
Voronoi edges.

Edelsbrunner and Shah [5] proposed a closed bal-
1 property, and Dyer et al. [3] showed that if a geodesic
Voronoi diagram satisfies this closed ball property, a d-
ual intrinsic Delaunay triangulation exists. The closed
ball property has three conditions:

1. each Voronoi cell is homeomorphic to a planar disk,

2. the intersection of any two Voronoi cells is either
empty or a single Voronoi edge or a single Voronoi
vertex,

3. the intersection of any three Voronoi cells is either
empty or a single Voronoi vertex.

A region 2 C M is strong convex if given any two
points p1,ps € €, there is a unique minimum geodesic
connecting p; and ps whose interior is contained in
and there is no other geodesic connecting p; and ps in
Q. Dyer et al. (Theorem 1 in [3]) proved that if for
every Voronoi cell VC(v;), there exists a strong convex
region ; such that VC(v;) C £;, then a dual intrinsic
Delaunay triangulation exists. However, as shown be-
low, the proof of Theorem 1 in [3] for condition 2 in the
closed ball property is incorrect.

3.1 Assumptions

A pseudo-bisector of a point p in M is a set (Q of points
satisfying that there are two or more different geodesic
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(a) Pseudo-bisector (b) Geodesic loop
Figure 3: (a) A pseudo-bisector (shown in red) of a
point p on a cylinder model, in which a point ¢ have
two different geodesics (g1 and gz) of the same length
to the source p. (b) A geodesic loop passes through p
in a multi-connected Voronoi cell VC(p).

paths of the same length from p to a point ¢ € ). An
example is illustrated in Figure 3(a). Pseudo-bisectors
can be readily obtained by utilizing the geodesic dis-
tance structure in [12] and practical implementations
were proposed in [8, 9, 10].

Assumption 1 For no point p; € P does the Voronoi
cell VC(p;) contain a pseudo-bisector of p;.

Given an arbitrary simplicial 2-manifold M =
{V,E, T}, we use Algorithm 1 to construct a sampling
point set P that satisfies Assumption 1.

Algorithm 1 Sampling a simplicial 2-manifold mesh to
satisfy Assumption 1

1: Let P=1V.
: Construct GVD(P) using the algorithm in [9].
: Check Assumption 1.
If there is a Voronoi cell VC(p;) that contains a
pseudo-bisector PB(p;) of p;, perform Step 6.
Else Stop
6: Choose a point ¢ in PB(p;) and add ¢ into P. Lo-

cally update GVD(P) and go to Step 3.

=W N

o

We show without proof that there are at most O(m)
points added into P by Algorithm 1, where m is the
number of cone points. Accordingly Algorithm 1 termi-
nates in finite time.

Assumption 2 Any pair of distinct vertices, p; # p; €
P, whose Voronoi cells intersect at a Voronot edge, has
a unique geodesic between p; and p;.

The number of geodesic paths between two points p;
and p; can be obtained by utilizing the geodesic distance
structure in [12] and we use practical implementations in
[8, 9, 10]. Given an arbitrary simplicial 2-manifold M =
{V,E, T}, we use Algorithm 2 to construct a sampling
point set P that satisfies Assumption 2.

We show without proof that if the degree of each ver-
tex in the mesh is bounded by a constant C, there are at
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Algorithm 2 Sampling a simplicial 2-manifold mesh to
satisfy Assumption 2

1: Let P=V.

2: Construct GVD(P) using the algorithm in [9].

3: Check Assumption 2. If there are Voronoi cells
VC(p;) and VC(p;) sharing some Voronoi edges and
there are more than one geodesic between p; and p;,
perform Step 4. Otherwise stop.

4: Let g1,92, -+ ,gm, m > 1, be the set of geodesics
between p; and p;. For 1 < k£ < m, let g; be the
midpoint in g and add ¢; into P, i.e., P = q; U P.
Locally update GVD(P) and go to Step 3.

most O(m) points added into P by Algorithm 2, where
m is the number of cone points. Accordingly Algorithm
2 terminates in finite time.

3.2 Closed ball property

Lemma 1 If Assumptions 1 and 2 hold, each Voronoi
cell in GVD(P) is homeomorphic to a planar disk.

Proof. If there is a Voronoi cell VC(p;) in GVD(P) is
not homeomorphic to a planar disk, then its boundary
consists of at least two closed curves and we say the
Voronoi cell VC(p;) is multi-connected (Figure 3(b)).
Then there must exist a geodesic loop going through p;
inside VC(p;). Accordingly, a pseudo-bisector of p; must
be contained in VC(p;); a contradiction to Assumption
1. O

Lemma 2 If there are two geodesics between two points
in M, then there must be at least one cone point inside
the region enclosed by these two geodesics.

Proof. The discrete geodesic structure revealed in [12]
shows that a geodesic goes through a set of triangles
and cone points (Figure 1). If two geodesics passing
through the same set of triangles and cone points, these
two geodesics must be the same since after unfolding
the passed triangles, there is only one straight line seg-
ment between two points in the unfolded plane. That
completes the proof. O

Lemma 3 If Assumptions 1 and 2 hold, for any
Voronoi cell VC(p;) in GVD(P) and for any point q in
the boundary OVC(p;) of VC(p;), the geodesic between p;
and q is inside VC(p;).

Proof. As illustrated in Figure 4(a), let ¢ be a point
in OVC(p;) whose geodesic gp,q to p; goes outside of
VC(p;) and enters into VC(p;). Let a be a point in
the geodesic gp,q that is also inside VC(p;). Then we
have dg(pi,q) = dg(pj,q) = dg(ps,a) + dg(a,q). Since
dg(pi,a) > dg(pj,a), we have dy(p;,q) > dg(p;,a) +
dy(a, q), a contradiction to the triangle inequality of the
geodesic metric in M. O

(a)

Figure 4: (a) A point ¢ in a Voronoi edge shared by
two Voronoi cells VC(p;) and VC(p;). (b) There are two
geodesics (shown in dashed red lines) between p; and
pj, if two cells VC(p;) and VC(p;) share two separated
Voronoi edges e; and ez (shown in solid red line).

Lemma 4 If Assumptions 1 and 2 hold, the intersec-
tion of any two Voronoi cells in GVD(P) is either empty
or a single Voronoi edge or a single Voronoi vertex.

Proof. If this lemma does not hold, then there exist
two Voronoi cells VC(p;) and VC(p;) whose intersection
consists of at least two separated Voronoi edges e; and
ea. As shown in Figure 4(b), let ¢ be a point in e;.
Then the geodesics gp,q and g;,,4 form a path [ between
p; and p;. Note that [ pass through a set © of trian-
gles that can be unfolded into a plane. In all the paths
passing through the same set © of triangles connect-
ing p; and pj;, there must be a geodesic in ©. Note
that this geodesic may not go through the interior of
e1 as shown in Figure 4(b). Similarly, there is another
geodesic connecting p; and p; corresponding to ez. The
two geodesics corresponding to e; and es cannot be the
same one by Lemma 2 since e; and ey is separated by
the Voronoi cells of at least one cone point. Thus there
are two distinct geodesics between p; and p;, a contra-
diction to Assumption 2. O

Note that in [3] the condition 2 of closed ball property
is proved incorrectly by only considering the case that
the shared bisector of VC(p;) and VC(p;) is separated
by a region that is the Voronoi cell of a single point
(Figure 5). Our proof is based on the most general case
that the separated regions can consist of several Voronoi
cells (Figure 4(b)). A real example of this general case
is shown in Figure 6.

Lemma 5 If Assumptions 1 and 2 hold, the intersec-
tion of any three Voronoi cells in GVD(P) is either emp-
ty or a single Voronoi vertez.

Proof. In this paper we consider a simplicial 2-
manifold mesh without boundary. Then there are at
least four mesh vertices and the sampling point set P
has at least four samples. It was shown in [3] that if
there are at least four samples and the conditions 1 and
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Figure 5: The proof in [3] only considers the case that
the bisector (shown in red) is separated by a region that
is the Voronoi cell of a single point.

Figure 6: A general case that is not considered in the
proof in [3]: the Voronoi cells VC(p;) and VC(p;) share
two separated Voronoi edges, which are separated by re-
gions consisting of eight Voronoi cells. Left: the Voronoi
diagram (shown in blue) of all mesh vertices (shown in
red) in a cylinder mesh. Middle: the Voronoi diagram
without surface rendering. Right: Another view of the
Voronoi diagram in the mesh surface.

2 in closed ball property are satisfied, the condition 3 is
also satisfied. O

By Lemmas 1, 4, 5 and the closed ball property, we
have

Theorem 6 If the sampling point set P (V C P) sat-
isfies the Assumptions 1 and 2, the geodesic Voronoi
diagram GVD(P) has a dual intrinsic Delaunay trian-
gulation.

Given a set P of m sampling points and a simplicial
surface of genus g with n vertices, it was shown in [9, 11]
that the geodesic Voronoi diagram GVD(P) can be con-
structed in O(n?logn) time and the number of Voronoi
vertices and Voronoi edges in GVD(P) is O(m + g). S-
ince in our case the sampling point set P include all
cone points, we have m > n and the number of Voronoi
vertices and Voronoi edges in GVD(P) is O(m). Giv-
en the structure of geodesic Voronoi diagram GVD(P),
we assume the computation of the unique geodesic be-
tween two source points in P whose Voronoi cells share
a Voronoi edge takes O(1) time. Then we have

Theorem 7 Given a set P of m sampling points on
a simplicial surface S that satisfies the Assumptions 1
and 2, the intrinsic Delaunay triangulation of P on S
can be constructed in O(m?logm) time and take O(m)
space.

Figure 7: A cylinder mesh model: the Voronoi cell of
v1 in the geodesic Voronoi diagram (shown in blue) is
multi-connected and contains a pseudo-bisector. Top
row: the front view with and without surface rendering.
Bottom row: the back view with and without surface
rendering.

4 Practical Examples and Experiments

In the presented experiment, we illustrate the process
of how to obtain a sampling point set P on a simplicial
surface S that satisfies the two assumptions. Then we
construct geodesic Voronoi diagram and the dual intrin-
sic Delaunay triangulation of P on S.

A cylinder mesh model is shown in Figure 7. We first
run the Algorithm 1 to obtain a sampling point set P
satisfying Assumption 1. The process of Algorithm 1 is
illustrated in Figures 7 and 8. In more details, first we
let P =V and the geodesic Voronoi diagram is shown
in Figure 7. For the Voronoi cell VC(vy) that is multi-
connected, there is a pseudo-bisector in VC(v;) and a
new sample point p; is added into P. The resulting
updated geodesic Voronoi diagram is shown in Figure
8.

Then we run Algorithm 2 to update the sampling
point set P further satisfying Assumption 2. In the
geodesic Voronoi diagram shown in Figure 8, there are
two geodesics between vy and p; (Figure 9(a)). A new
sample point ps is added into P (Figure 9b) and the
geodesic Voronoi diagram is updated (Figure 9(c)). Fi-
nally the dual intrinsic Delaunay triangulation is con-
structed (Figure 9(d)).

Geodesic Voronoi diagrams and the dual intrinsic De-
launay triangulations on some more realistic models are
shown in Figure 10. In these models, there are thou-
sands to tens of thousands of triangles and the running
time of building geodesic Voronoi diagram and dual in-
trinsic Delaunay triangulations is within 10 seconds on
a PC (Intel(R) Core(TM) I7C2600 CPU 3.40GHz, 8GB
memory) running Windows 7.

Given an original mesh M = (V,E,T) without
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Figure 8: A point p; lying the pseudo-bisector of vy in
VC(v1) (shown in Figure 7) is added and inserted into
P. Top row: the cylinder mesh with a new added point
p1. Bottom row: the updated Voronoi diagram.

(d) Dual Delaunay triangulation

(c) Voronoi diagram of {V, p1, p»}

Figure 9: The process of Algorithm 2 in the model
shown in Figure 8. The sampling points are shown
in red dots, the geodesics are shown in red lines, the
Voronoi diagram is shown in blue and the dual intrinsic
Delaunay triangulation is shown in green.

boundary, the Laplace operator is defined as
Af)= Y wy(fle) = floy)) (1)
v; EV:(vi,v5)EE

where f: M — R is a piecewise linear function on M,
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Figure 10: Geodesic Voronoi diagrams and dual intrinsic
Delaunay triangulations on three realistic models. Red
dots: mesh vertices; Black lines: original mesh; Blue
lines: geodesic Voronoi diagram; Green lines: Dual in-
trinsic Delaunay triangulation.

and the edge weights are
1
Wi = i(cot a5 + cot aj;) (2)

a;; and a; are the angles opposite to edge (v;, v;) in two
incident triangles. The Laplace operator is the gradient
of the Dirichlet energy

B =5 ¥ wslfw)—iw)? )
(vi,v;)EE

which resembles the continuous version E(f) =
%fs [Vf||?> on a Riemannian manifold S. If we re-
place the connectivity information in Equations (1), (2)
and (3) by (V, E’,T") in the Delaunay triangulation of
M, the Laplace operator becomes the discrete Laplace-
Beltrami operator [2]. If f is the identity map on R3
restricted to M, then the discrete mean curvature vec-
tor H(v;) at v; € V is H(v;) = Af(v) and the discrete

mean curvature vector density is H(v;) = %,

where Area(VC(v;)) is the area of Voronoi cell VC(v;).
‘We use the Laplace operator and the discrete Laplace-
Beltrami operator to compute the discrete mean cur-
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Figure 11: The discrete mean curvature (the second
row, shown with a color mapping) computed on (left)
the original irregular mesh and (right) the Delaunay tri-
angulation. Some significant differences between the o-
riginal mesh and Delaunay triangulation are circled.

vatures on original irregular meshes discretized from
sphere, ellipsoid, paraboloid, hyperboloid, and their in-
trinsic Delauany triangulations, respectively. Since the
ground truth of the mean curvatures on these paramet-
ric surfaces is known, we can compare the accuracy of
these two computations. Here we only report the results
on the irregular spherical mesh. The detailed numerical
results should be presented elsewhere. An original irreg-
ular spherical mesh and its Delauany triangulation are
shown in Figure 11 (the first row). The discrete mean
curvatures computed based on these two triangulations
are shown in Figure 11 (the second row). The numerical
result shows that (1) the average error in the Laplace
operator on the original irregular mesh is 3.89% and the
average error in the discrete Laplace-Beltrami operator
on the Delauany triangulation is 1.77%, (2) the maxi-
mum error in the Laplace operator on the original irreg-
ular mesh is 22.07% and the average error in the discrete
Laplace-Beltrami operator on the Delauany triangula-
tion is 13.26%. These results show that compared to
extrinsic operators, the intrinsic Laplace-Beltrami oper-
ator based on the intrinsic Delauany triangulation has
better numerical properties.

5 Conclusion

Recently a new intrinsic discrete Laplace-Beltrami op-
erator was proposed in [2], which can find a wide range
of applications in mesh smoothing, editing, parameter-

ization and animation, etc. The computation of the
intrinsic discrete Laplace-Beltrami operator depends on
an intrinsic Delaunay triangulation on simplicial sur-
faces. Previously the only known method to compute
the intrinsic Delaunay triangulation is the edge flipping
algorithms [6, 7], which did not have provable theoret-
ical complexity bounds. In this paper, we prove that
when a sampling point set in a simplicial surface satisfies
two assumptions, the duality between geodesic Voronoi
diagram and the intrinsic Delaunay triangulation exist-
s. Thus the intrinsic Delaunay triangulation can be ob-
tained from a duality of the geodesic Voronoi diagram,
whose time complexity is O(m?logm) and space com-
plexity is O(m), where m is the number of vertices in
the intrinsic Delaunay triangulation.
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