Matching Edges and Faces in Polygonal Partitions

O. Aichholzer^1 F. Aurenhammer^2 P. Gonzalez-Nava^3 T. Hackl^4 C. Huemer^5 F. Hurtado^6 H. Krasser^7 S. Ray^8 B. Vogtenhuber^9

Abstract

We define general Laman (count) conditions for edges and faces of polygonal partitions in the plane. Several well-known classes, including k-regular partitions, k-angulations, and rank-k pseudo-triangulations, are shown to fulfill such conditions. As a consequence, non-trivial perfect matchings exist between the edge sets (or face sets) of two such structures when they live on the same point set. We also describe a link to spanning tree decompositions that applies to quadrangulations and certain pseudo-triangulations.

1 Introduction

There exist several results [2] concerning matchings between the edges (or triangles) in two given triangulations on top of the same point set S. For example, for any two triangulations T_1 and T_2 of S, we can pair each edge e_1 ∈ T_1 with an edge e_2 ∈ T_2 such that either e_1 = e_2 or e_1 crosses e_2. Moreover, each triangle Δ_1 ∈ T_1 can be paired with a triangle Δ_2 ∈ T_2 such that either Δ_1 = Δ_2 or Δ_1 partially overlaps with Δ_2. Perfect matchings of this kind prove useful for obtaining lower bounds on the edge length of the minimum weight triangulation of S; see [2].

Unfortunately, pseudo-triangulations (see Section 3 for a definition) do not share these properties. Figure 1 depicts two pseudo-triangulations P T_1 (left) and P T_2 (right) on a set of five points. Note that P T_1 and P T_2 have the same number of edges (and faces). The bold edge in P T_1 neither crosses, nor coincides with, an edge in P T_2. Thus no edge matching as above is possible. Also, the two shaded faces in P T_2 both overlap only with the shaded face in P T_1. This rules out a face matching.

Figure 1: The matching theorems in [2] fail for pseudotriangulations

We intend to show that perfect machings can be retained when ’crossing’ and ’overlap’, respectively, is relaxed to vertex incidence. In fact, such incidence matchings also exist for polygonal partitions different from pseudo-triangulations. We define a general condition that guarantees the existence of incidence matchings for edges and faces in two polygonal partitions with the same vertex set. This condition (sometimes) also implies decomposability into edge-disjoint spanning trees.

2 Generalized Laman property

Throughout, let S be a finite set of (at least three) points in the plane. Let conv(S) denote the convex hull of S. A polygonal partition, P , on S is a partition of conv(S) into simple polygons (faces) such that S is the vertex set of P , and such that each edge of P which is not an edge of conv(S) is common to exactly two faces.

Let now P be any polygonal partition on S. Throughout, let the term ’object’ consistently stand for either ’edge’ or ’face’. Consider an arbitrary subset S^′ ⊆ S. We say that an object x of P is spanned by S^′ if x has all its incident vertices in S^′. Denote with α(S^′) the number of objects of P that are spanned by S^′. Further, let n(S^′) be the cardinality of S^′, and let h(S^′) be the number of vertices of conv(S^′). Note that α(S) expresses the total number of objects of P . As P defines a planar straight line graph on S, α(S) is a linear function of n(S). We call P object-Laman if there exist three constants c_1 ≥ c_2 ≥ 0 and c_3 ≥ −1 such that the following two conditions hold:

α(S) = c_1n(S) − c_2h(S) − c_3

and, for each subset S^′ ⊂ S with n(S^′) ≥ 2,

α(S^′) ≤ c_1n(S^′) − c_2h(S^′) − c_3

the so-called hereditary Laman condition. We term the triple (c_1, c_2, c_3) the (object) characteristic of P . Classical planar Laman graphs [10] have embeddings as straight line graphs that yield polygonal partitions with edge characteristic (2, 0, 3); see [8]. That is, a Laman graph on n vertices has precisely 2n − 3 edges, and each subgraph on n^′ ≥ 2 vertices has at most 2n^′ − 3 edges. In [3], the concept of bounded graph density from [10] is extended to general functions of n. Dealing with purely graph-theoretical concepts, they do not consider the number of convex hull points as a parameter.

An object x of P is said to be covered by a subset S^′ ⊆ S if x has at least one incident vertex in S^′. Let β(S^′) denote the number of objects of P that are covered by S^′. Clearly β(S^′) ≥ α(S^′) holds, as each object spanned by S^′ is also covered by S^′. Polygonal partitions that are object-Laman satisfy the following property. (We omit most proofs due to lack of space.)

Lemma 1 Let P be any polygonal partition on S that is object-Laman with characteristic (c_1, c_2, c_3 ≥ 0). Then β(S^′) ≥ c_1n(S^′) − c_2h(S^′) − c_3 holds, for each S^′ ⊆ S.

The object Laman property is strong enough to imply a non-trivial bijection between the edge sets (or face sets) of two polygonal partitions that live on the same configuration of points.

Theorem 2 Let S be a finite set of points in the plane. Let P_1 and P_2 be any two polygonal partitions on S that are object-Laman with same characteristic (c_1, c_2, c_3 ≥ 0). There exists a perfect matching between the set of objects of P_1 and the set of objects of P_2 such that matched objects share a vertex.

Proof. Let O_i be the set of objects of P_i, for i = 1, 2. For a subset X ⊆ O_1, let Y ⊆ O_2 denote the set of objects that possibly can be matched to some object in X. More precisely, Y contains all objects y ∈ O_2 such that y shares some vertex with an object in O_1. We show |Y | ≥ |X|. That is, the Hall condition [5] for the marriage theorem is fulfilled, which implies the existence of a perfect matching between O_1 and O_2.

Let S^′ be the subset of S that consists of all the vertices of the objects in X. That is, X is the set of objects of P_1 that are spanned by S^′. If n(S^′) ≤ 1 then |X| = 0, and |Y | ≥ |X| clearly holds. Let n(S^′) ≥ 2. By the assumed Laman property for P_1 we have |X| ≤ c_1n(S^′) − c_2h(S^′) − c_3. On the other hand, Y is precisely the set of objects of P_2 that are covered by S^′. By the assumed Laman property for P_2 we now get |Y | ≥ c_1n(S^′) − c_2h(S^′) − c_3 from Lemma 1. We conclude |Y | ≥ |X| again. □

The Eulerian relation for planar graphs implies a correspondence between the edge-Laman and the face- Laman property. From now on, let us write the number α(S^′) of objects spanned by a subset S^′ ⊂ S as e(S^′) if the objects are edges, and as f(S^′) if the objects are faces.

Lemma 3 Let a polygonal partition P on S be given and assume that P is edge-Laman with characteristic (c_1 ≥ 1, c_2 ≤ c_1 − 1, c_3 ≥ 1). Then P is face-Laman with characteristic (c_1 − 1, c_2, c_3 − 1).

3 Some relevant polygonal partitions

The edge-Laman and the face-Laman property are quite natural; they are shared by several well-known classes of polygonal partitions. In the sequel, we require n(S^′) ≥ 2 for the considered subset S^′ ⊂ S. This ensures that the formulas below yield nonnegative values for e(S^′) and f(S^′). Let us denote with A(S^′) the subset of objects (under consideration) spanned by S^′.

3.1 Pseudo-triangulations

A pseudo-triangulation, P T , of S is a polygonal partition on S whose faces are pseudo-triangles, i.e., polygons with exactly three convex vertices. A vertex of P T is called pointed if its incident edges span a convex angle. Let P T contain exactly p pointed vertices. In [1], the (edge) rank of P T is defined as n(S) − p, the number of non-pointed vertices. The maximum rank of P T is n(S) − h(S), in which case P T is a triangulation. The minimum rank of P T is zero, and P T is commonly called a pointed (or minimum) pseudo-triangulation in that case.

It is well known that every rank-k pseudotriangulation of S has exactly e(S) = 2n(S) + k − 3 edges. Consider a subset S^′ ⊆ S, and assume that the set A(S^′) defines a pseudo-triangulation of S^′. As each vertex that is non-pointed in A(S^′) has to be nonpointed in P T as well, the rank of A(S^′) is at most k. On the other hand, if A(S^′) is a proper subset of a pseudotriangulation of S^′, then A(S^′) can be completed to one with rank k. This shows e(S^′) ≤ 2n(S^′) + k − 3. That is, the hereditary Laman condition is fulfilled. We conclude that P T is edge-Laman, provided that k ≤ 4. In conjunction with Lemma 3 we obtain:

Observation 1 For k ≤ 4, every rank-k pseudotriangulation of S is edge-Laman with characteristic (2, 0, 3 − k). For k ≤ 2, every rank-k pseudotriangulation of S is face-Laman with characteristic (1, 0, 2 − k).

It has been known [14] that pointed pseudotriangulations enjoy the edge Laman property; in fact, they are planar Laman graphs in the classical sense [8]. A similar egde Laman condition for general pseudotriangulations is used in [12] to define their combinatorial abstractions. In Subsection 3.2 we will observe that triangulations are both edge-Laman and face-Laman. Pseudo-triangulations of arbitrary rank share neither property, in general.

3.2 k-angulations

A k-angulation of S, k ≥ 3, is a polygonal partition on S all whose faces are k-gons, i.e., polygons with exactly k vertices. Prominent representatives are triangulations (k = 3) and quadrangulations (k = 4). Note that we do not require convexity of the faces. It is well known that every triangulation of S contains the same number of edges and triangles. This fact generalizes to k-angulations, for k ≥ 4.

The sum of angles in any k-gon is π(k − 2). The sum of angles in all the faces of a k-angulation, Q, of S thus is π(h(S) − 2) for angles at vertices of conv(S) plus 2π(n(S) − h(S)) for angles at vertices interior to conv(S). Dividing by π(k − 2) gives the number of Q’s faces, f(S) = 2n(S) − h(S) − 2 k − 2 . (1)

Respecting the exterior face, the Eulerian relation gives n(S) − e(S) + (f(S) + 1) = 2. We plug in (1) and get the number of edges of Q, e(S) = kn(S) − h(S) − k k − 2 . (2)

Consider a subset S^′ ⊆ S. If the set A(S^′) is a kangulation of S^′ then (2) holds with S replaced by S^′. But this formula also describes the maximum number of possible edges when k-gons on top of S^′ are constructed. Therefore, the hereditary Laman condition is fulfilled. Together with Lemma 3 this yields:

Observation 2 Every k-angulation of S, k ≥ 3, is object-Laman with edge characteristic^1_{k−2} (k, 1, k) and face characteristic^1_{k−2} (2, 1, 2).

3.3 k-regular partitions

A polygonal partition P is called k-regular if the degree of every vertex of P is exactly k. For k = 3, simple partitions (in the classical sense) are obtained. For instance, Schlegel diagrams [6] of simple threedimensional polytopes, and thus power diagrams and Voronoi diagrams [4] in suitable domains, belong to this class. Apart from trivial cases, k-regular partitions only exist for 3 ≤ k ≤ 5.

Let now P be a k-regular partition on S. Each vertex of P is incident to exactly k edges, and each edge of P has two vertices. Consequently, e(S) = k 2 n(S). (3) Applying the Eulerian formula gives

f(S) = ( k 2 − 1)n(S) + 1. (4)

Observe that (3) is also the maximum number of possible edges when drawing on top of S a planar straight line graph with vertex degree at most k. But, for any S^′ ⊆ S, each vertex in the set A(S^′) is of degree at most k, which shows that the hereditary Laman condition holds for P ’s edges.

In the edge characteristic of P , the constant c_3 is zero, and Lemma 3 does not apply. However, by using the arguments above on (4), P is easily seen to fulfill the hereditary Laman condition for faces, too. We summarize:

Observation 3 Every k-regular polygonal partition on S, 3 ≤ k ≤ 5, is object-Laman with edge characteristic (^k_2 , 0, 0) and face characteristic (^k_2 − 1, 0, −1).

For straight line graphs on S (as opposed to polygonal partitions on S) the notion of k-regularity is meaningful for general k. For example, for k = 2 we obtain vertex-disjoint covering cycles, and for k = 1 we obtain perfect matchings. It follows that these structures are edge-Laman with characteristics (1, 0, 0) and (^1_2 , 0, 0), respectively. Finally, note that any spanning tree of S is edge-Laman with characteristic (1, 0, 1).

4 Incidence matching for edges and faces

Our results in Section 3 combine with Theorem 2 (the incidence matching theorem) in the following way.

Theorem 4 Let S be a finite set of points in the plane. Let P and Q be two structures on top of S, from one of the following classes (k fixed): Rank-k pseudotriangulations for k ≤ 3, k-angulations, k-regular partitions, k-regular straight line graphs for k ≤ 2, spanning trees. Then there exists a perfect matching between the edge sets of P and Q such that matched edges share a vertex. The same is true for the face sets of P and Q, except for the last two classes and for rank-3 pseudotriangulations.

Let us demonstrate that an edge incidence matching need not exist for pseudo-triangulations of general (fixed) rank. See Figure 2. The two pseudotriangulations we use are the one shown there (call it P T_1) and the one we obtain when reflecting P T_1 along the bold vertical edge (call this structure P T_2). Note that P T_1 and P T_2 live on the same point set. Let Δ denote the shaded triangle. Consider the restrictions of P T_1 and P T_2, respectively, to Δ, and let E_1 and E_2 be their respective edge sets. The 15 edges of E_1 can only be matched to the 11 edges of E_2 or to the 3 additional edges of P T_2 that are incident to the vertices of Δ. Thus no perfect matching is possible.

Note that Figure 2 serves as an example, that requiring c_3 ≥ −1 instead of c_3 ≥ 0 in Theorem 2 is not strong enough to ensure an incidence matching.

For triangulations, vertex incidence of matched triangles plus overlap can be satisfied simultaneously [2]. While the overlap condition has to be dropped for

Figure 2: No edge matching exists for this rank-4 pseudo-triangulation and its reflection

general pseudo-triangulations, see Figure 1, the incidence condition for pseudo-triangles can be retained for rank k ≤ 2, see Theorem 4. In particular, pointed pseudo-triangulations admit such a face matching.

5 Decomposition into spanning trees

Several authors considered the question of whether a given graph is decomposable into disjoint spanning trees; see e.g. [7] and references therein. Using a basic theorem by Nash-Williams [11] and Tutte [15], the following can be proved for polygonal partitions.

Theorem 5 Let P be a polygonal partition on S with k(n(S) − 1) edges. The edge set of P can be decomposed into k spanning trees if and only if P is edge-Laman with characteristic (k, 0, k).

From Observation 1 we get the following property.

Corollary 6 Every rank-1 pseudo-triangulation of S can be decomposed into two spanning trees.

It is well known that, in case conv(S) is a triangle, every triangulation of S is decomposable into three trees which are edge-disjoint apart from the three edges of conv(S); see, e.g., [9, 13]. We obtain the following generalizations.

Corollary 7 Every triangulation of S can be decomposed into 3 spanning trees if the h(S) edges of conv(S) are duplicated. Moreover, every quadrangulation of S can be decomposed into 2 spanning trees if every other edge of conv(S) is duplicated.

The existence of some edges in a triangulation (or quadrangulation) whose duplication leads to a decomposition into spanning trees also can be proved using a result in [7]. Duplication of arbitrary edges does not suffice, as can be shown by simple examples.

References

[1] O. Aichholzer, F .Aurenhammer, H. Krasser, P. Brass.

Pseudo-triangulations from surfaces and a novel type of edge flip. SIAM J. Computing 32 (2003), 1621-1653.

[2] O. Aichholzer, F. Aurenhammer, S.-W. Cheng, N. Katoh, G. Rote, M. Taschwer, and Y.-F. Xu. Triangulations intersect nicely. Discrete & Computational Geometry 16 (1996), 339-359.

[3] M.O. Albertson, R. Haas. Bounding functions and rigid graphs. SIAM J. Discrete Mathematics 9 (1996), 269- 273.

[4] F. Aurenhammer. Power diagrams: Properties, algorithms, and applications. SIAM J. Computing 16 (1987), 78-96.

[5] B. Bollobas. Graph Theory. An Introductory Course.

Springer Verlag, Berlin, 1979.

[6] B. Grünbaum. Convex Polytopes. Wiley Interscience, London, 1967.

[7] R. Haas. Characterizations of arboricity of graphs. Ars Combinatorica 63 (2002).

[8] R. Haas, D. Orden, G. Rote, F. Santos, B. Servatius, H. Servatius, D. Souvaine, I. Streinu, W. Whiteley. Planar minimally rigid graphs and pseudo-triangulations. In: Proc. 19th Ann. ACM Symp. Computational Geometry, 2003, 154-163.

[9] G.R. Kampen. Orienting planar graphs. Discrete Mathematics 14 (1976), 337-341.

[10] G. Laman. On graphs and rigidity of plane skeletal structures. J. Engineering Mathematics 4 (1970), 331- 340.

[11] C.St.J. Nash-Williams. Edge disjoint spanning trees of finite graphs. J. London Math. Soc. 36 (1961), 445-450.

[12] D. Orden. Two problems in geometric combinatorics:

Efficient triangulations of the hypercube; planar graphs and rigidity. Ph.D. Thesis, Universidad de Cantabria, Spain, 2003.

[13] W. Schnyder. Embedding planar graphs on the grid.

In: Proc. 1st ACM-SIAM Symp. Discrete Algorithms, 1990, 138-148.

[14] I. Streinu. A combinatorial approach to planar noncolliding robot arm motion planning. In: Proc. 41st IEEE Symp. FOCS, 2000, 443-453.

[15] W.T. Tutte. On the problem of decomposing a graph into n connected factors. J. London Math. Soc. 36 (1961), 221-230.

———————————————-

1,2,3,4,7,9 University of Technology, Graz, Austria

oaich@ist.tugraz.at, auren@igi.tugraz.at,
paolag@sbox.tugraz.at, thackl@ist.tugraz.at,
hkrasser@igi.tugraz.at, lambda@fsmat.at

5,6 Universitat Politecnica de Catalunya, Barcelona, Spain

Huemer.Clemens@upc.edu,
Ferran.Hurtado@upc.edu

8 Max-Planck-Institut Informatik, Saarbrücken, Germany

saurabh@mpi-sb.mpg.de

Acknowledgements We greatfully acknowledge discussions on the presented topic with Belen Palop and Pedro Ramos.

Research was partially supported by: FWF Joint Research Project Industrial Geometry S9205-N12, Projects MCYT-FEDER BFM2003-00368, Gen. Cat 2001SGR00224, Acción Intergrada España-Austria HU2002- 0010, International-Max-Planck-School Saarbrücken