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Abstract

Biedl et al.[1] first posed the problem of finding the center
of a circle, starting from a point on the boundary, using a
limited number of operations. We solve an open problem,
presented in their work: finding the center of an ellipse. We
present new algorithms for finding the center of the ellipse
and provide results of experiments showing how these algo-
rithms perform under the introduction of errors.

1 Introduction

Biedl et al.[1] first posed the question of finding the center
of a circle, starting with a point on the boundary, where the
only allowed operations are an interior and exterior query,
marking a point, and computing the line or midpoint be-
tween any two marked points. We consider one of the open
problems posed in their paper: finding the center of an ellipse
using the same operations. While the results presented in
the original paper work quite well for circles, the algorithms
fail for ellipses, more dramatically the greater the eccentric-
ity. We present new algorithms and discuss some properties
of existing algorithms for determining the center of an ellipse
and include experiments that compare these methods. We
structure our paper in a parallel manner to Biedl et al.[1] to
more easily compare the similarities and differences between
the task in a circle and an ellipse.

The motivation comes from quickly finding a skier buried
in an avalanche [5]. Each skier carries a small radio, called
a transceiver, which can either transmit or receive a sig-
nal, whose strength is monotonically related to the distance
between transceivers, and which is initially set to trans-
mit. When an avalanche occurs, everyone not buried turns
his/her transceiver to receive signals from people buried in
the snow. As Biedl et al.[1] claim that an ellipse more accu-
rately models the transceiver’s range, we focus on the task
of finding the center of an ellipse given that we start on
the boundary of the ellipse and leave the task of finding the
broadcast region of the buried skier’s transceiver and of find-
ing the buried skier to the experts. Since time is critically
important in finding a buried skier, we assume as in Biedl
et al.[1], time is proportional to the distance traveled. Our
algorithms consider the distance traveled and find the center
of an ellipse such that the methods are accurate even when
there are errors in the midpoint and angle calculations.

The problem: ([1]) Let E1, ..., Ex be a set of concentric
ellipses with the same center, orientation, and eccentricity
but different major and minor axes. Fi,..., Fj are ordered
such that the length of the major axis of F; is greater than
the major axis of E;+1 Vi. Given point p on the boundary
of E1, find the center of the set of concentric ellipses where

*Department of Computer Science, Tufts University
{mburr,alauri02,kmann03}@cs.tufts.edu

TSupported by NSF-CCF grant #0431027

fSupported by Clare Boothe Luce Fellowship

Alexandra Lauric

Katelyn Mann?

the only allowed query determines whether a point is inte-
rior to ellipse F;. The number of ellipses is known, but the
eccentricity or the length of the axes is not known.

Since our application is for skiers, searching in the snow,
we assume the following operations are allowable. The skier
can mark his current position (and can make an unlimited
number of marks), the skier can see his ski tracks, the skier
can travel between any two markers, the skier can find the
midpoint between any two markers, the skier can make a
90° turn or a 180° turn at any point, and the skier can
mark where two of his tracks intersect. The statement of the
problem mimics Biedl et al.’s [1] formulation except that we
are looking at ellipses and that we can mark the intersection
of two tracks. Additionally, we first analyze the case where
k = 1 and then consider the case where we have different
volume levels. Even with these small changes, the problem
becomes quite different from the problem studied by Biedl
et al. and the previously introduced methods do not result
in the center of the ellipse.

Applying the traditional strategy [4] from the
avalanche handbook to an ellipse would yield the following:

1. Start from an arbitrary point p on the ellipse and move

in a direction that leads inside of the ellipse. Stop when
the signal fades. We have the first chord e;.

2. Find the midpoint of e; and move to that point. Make a
90° turn in either direction and move in that direction
until the signal fades. Turn 180° and move in that
direction until the signal fades. We have the second
chord ez, the perpendicular bisector of e;.

3. Find the midpoint of e, this point is returned as the
center of the ellipse. The handbook suggests repeating
step 2 three or four times to reduce error.

This method works well in a circle since the perpendicular
bisector of a chord is always a diameter. This property is
not true for ellipses (Fig. 1). Nonetheless, the traditional
method converges to the center of the ellipse as a geometric
sequence (Sec. 2.1).
Applying the right-angle strategy of Biedl et al.[l]
yields the following steps:
1. Start from an arbitrary point p on the ellipse and move
in a direction that leads inside of the ellipse. Stop when
the signal fades, producing chord e;.
2. At the second endpoint, determine if we can take a 90°
turn (there will be either zero or one turns that admit
a 90° turn).
(a) If we cannot turn, then find the midpoint of eq,
this point is returned as the center of the ellipse.!

(b) If we can take a 90° turn, take that turn and move
in that direction until the signal fades. We have
the second chord ez, perpendicular to e;, where

1'We add this step for correctness when e; is already a diameter.
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Figure 1: The traditional strategy performed on a circle
(a) and an ellipse (b), the perpendicular bisector of a chord
passes through the center of a circle, but not in an ellipse.
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Figure 2: Right-angle strategy performed on (a) a circle and
(b) an ellipse, the hypotenuse of the inscribed right triangle
passes through the circle’s center, but not for an ellipse.

the signal fades is point q.
3. Find the midpoint of the chord between g and p and
return it as the center of the ellipse.

This method works for circles since every inscribed right tri-
angle has a diameter as hypotenuse. This property is not
true for ellipses (Fig. 2). We evaluate the average distance
from the center computed by this method to the actual cen-
ter in Sec. 4.

We present several new methods for finding the center of
an ellipse with an experimental analysis that includes the
introduction of errors in the computation of certain angles
and the determination of midpoints.

2 The parallel chords strategy
2.1 Properties of Parallel Chords

We describe a transformation from an ellipse to a circle
and use this transformation to prove many properties. To
make the calculations easier, we will assume w.l.o.g. that
we are starting with an ellipse, centered at the origin, axis
aligned with major axis along the x-axis, and minor axis of
length 1. This results in the following form for the ellipse:
1

;”—; +9% =1,a > 1. Then the parallel projection, (g ?)
is a bijection between the ellipse and the unit circle.

Sketch of proof ([2]) To show that the map maps the
ellipse into the unit circle, we note that a point on the
ellipse can be written as (ay/1 —y?,y). Then under the
transformation, the point on the ellipse maps to the point
(v/1 —y?,y), which is easily seen to lie on the unit circle.

Figure 3: Parallel projection: maps an ellipse to a circle [2].
a 0
0 1
our ellipse. Since the two matrices are inverses as matrices,
the bijectivity of these maps follows.

This map can be thought of as viewing an ellipse on a paper
from an angle (Fig. 3). Finally, we state without proof the
following facts that follow from the linearity and bijectivity
of the maps. These maps map:

Similarly, the inverse map, ), maps the unit circle to

1. Straight lines to straight lines
2. Parallel lines to parallel lines
3. Equal pairs of distances (measured along parallel lines)
to equal pairs of distances, the maps scale distances
along parallel lines equally.
4. Midpoints of segments are mapped to midpoints, this
follows from 3.
Using this transformation we use the circle to prove several
properties about ellipses.
Proposition 1 In an ellipse, the set of midpoints of parallel
chords lie on a line through the origin.

Proof. Consider the image of the parallel chords under the
parallel projection described above. Then by property 1.
the images are parallel chords in the circle. Additionally,
from circle geometry, the diameter perpendicular to this set
of parallel lines bisects each of these chords. Thus the mid-
points of the chords in the circle lie on a line, but then by
property 1. and 4., under the inverse transformation, this
line maps to a line passing through the midpoints of each of
the original chords. The line passing through the midpoints
of each of the original chords also passes through the center
of the ellipse since it is the image of a diameter, every diame-
ter contains the point (0, 0), which is fixed under the projec-
tion above, so the line through the midpoints of the original
chords must contain (0, 0), the center of the ellipse. d

With the above proposition, we can show that for ellipses,
the traditional method converges to the center of the ellipse
as step 2 is repeated. The statement of this proof is similar
to a proof by Melhorn et al.[3], but is a tighter result and
has a simpler proof.

Theorem 2 Under the sequence of chords described in the
traditional strategy, ei1,ea, ..., the sequence of midpoints of
the odd numbered segments, p1,ps,... converges geomelri-
cally to the center of the ellipse.

Proof. Under the transformation described above, the
chords e1, ea, ... will map to a pair of sets of parallel chords,
€1, e, ... but do not necessarily intersect at right angles (as
with the ellipse). Assume w.l.o.g, that the odd numbered



chords map to vertical chords and the even numbered chords
have slope m. Finally, assume that chord €5, ;; lies on the
line z = t, where ¢t € [0,1] and n € N. Then the midpoint
of chord €5, is the point (¢,0) and the chord €5, lies on
the line, y = m(xz —t), and this line intersects the unit circle
at the following points:
(@)* + (m(z — 1)) =1
2m2t £ 1/4mA2 — 4(m2 + 1)(m2t2 — 1)
= 2(m? + 1)

m";—Lt, and thus

the chord €5, 3 lies on the line, z = m’g—Ht. Since n was
arbitrary, in the unit circle the midpoints converge geomet-
rically. Since each of the distance measurements lie on the
line, under transformation, the ratios of their distances are
invariant by property 3, and thus converge geometrically. [J

2.2 Parallel Chord Algorithms
We present two strategies for locating an ellipse’s center,
that follow from proposition 1. The strategies consider the
case when there is only one ellipse, k=1.

Strategy 1:

Then the average of the two solutions is

1. Start from an arbitrary point p on the ellipse and move
in a direction that leads inside of the ellipse. Stop when

the signal fades. We have the first chord e; (Fig. 4).
2. Find the midpoint of e; and move to that point. Make

a 90° turn in any direction and move in that direction
until the signal fades. Turn 180° and move in the oppo-
site direction until the signal fades. We have the second

chord ez, which is the perpendicular bisector of e;.
3. Find the midpoint of e and move to that point. Repeat

step2 and find chord es. es is parallel to e;. Their

midpoints determine a diameter of the ellipse.
4. Move from the midpoint of es towards the midpoint of

e1 until the signal fades. Move in the opposite direction

and find the second endpoint. This is the diameter of

the ellipse; its midpoint is the center of the ellipse.
Strategy 1 involves 2 90° turns and 4 midpoint calculations.

Strategy 2:

1. Find ey following the instructions from strategy 1.

2. Find and mark the midpoint of e;. Return to one of its
endpoints, make a 90° turn that leads inside the ellipse
if it exists (if not use the special case of strategy 2).
Move in that direction until the signal fades. We have
the second cord ez (Fig. 4).

3. Again, make a 90° turn and find a direction that leads
inside the ellipse. Move in that direction until the signal
fades. We have the third cord e3. e; and es3 are parallel.

4. Find the midpoint of es and move towards the midpoint
of e; until the signal fades. Move in the reverse direc-
tion to find the second endpoint of the diameter. The
midpoint of the diameter is the center of the ellipse.

Strategy 2 involves two 90° turns and three midpoint cal-
culations. This method works well if there are at least two
searchers starting from a point s (Fig. 4). One searcher
would find e; and ez, while the other would find es. Once
the midpoints of e; and e3 are marked, the searchers find the
endpoints of the corresponding diameter and move toward
its midpoint, the center of the ellipse.

A special case of strategy 2 addresses the particular case
when the first chord e; is perpendicular to the tangent to

(b)

Figure 5: (a) Chords created in the special case of strategy
2. (b) A volume dependent method without markers.

the ellipse at the endpoint(s) (Fig. 5). This is the case when
a searcher can not make a 90° turn in any direction while
staying inside the ellipse. If the chord is perpendicular to
both tangents then e; is a diameter of the ellipse and the
search is done. If the chord is perpendicular to the tangent at
one endpoint, p1, then follow the step 2 from strategy 2 and
find a chord ez that starts at p2 and is parallel to the tangent
at p1. The midpoint of ez together with p; determines the
diameter of the ellipse. The tangent can be considered the
last parallel chord from all the chords parallel to es.

3 Using volume

Transceivers usually have different volume settings and
searchers can use them to reduce the search space. If the
transceivers have continuous volume knobs the searchers can
use them to find tangents to the inner ellipses. Namely, start
from an arbitrary point and move along a chord as before,
but continuously lower the volume until a local minimum
is reached. The chord is the tangent to a smaller ellipse,
concentric with the initial one. From this point a searcher
continues in the same fashion and find tangents to increas-
ingly smaller ellipses until reaching the center (Fig. 5).

If the transceivers have a fixed number of volume settings
(usually 5-10), we can still use them to improve our strate-
gies. Assume the searchers have found the endpoints of a
diameter using one of the above methods. Then they turn
their transceivers down to the lowest setting and start mov-
ing towards each other. When they first hear the signal, it
means they approach the center of the ellipse. At this point,
they could synchronize to meet at the center.

4 Experiments

As analytic solutions are difficult for ellipses, we provide ex-
perimental results. We compare the two strategies that we
propose with the right angle strategy offered in [1]. Through-
out this section we analyze ellipses with variable major axis
length and fixed minor axis length of 1. All of our results
extend to other fixed minor axis values through scaling and
we report the values found though our simplification.



a | stratl | strat2 | right a | right
1 14.36 | 10.50 | 3.57 1 1.5e-8
3 | 1541 | 11.57 | 3.46 3 | 114
5 |16.34 | 13.19 | 3.35 5 | 2.15
7 116.99 | 14.32 | 3.17 7 |3.15
10 | 17.52 | 15.34 | 2.87 10 | 4.64

(a) (b)

Table 1: The a value, is the length of the major axis with
minor axis of length 1. (a)The competitive ratio for each of
three strategies, strategy 1, strategy 2, and the right angle
strategy. (b)The average distance from the center for the
right angle strategy.

The right angle strategy does not extend well to the el-
lipse. After running simulations on ellipses with varying ma-
jor axes, we found that the distance that the skier is from
the center of the ellipse is a linear function of the length
of the major axis when the minor axis is fixed. Fixing the
minor axis at 1, a linear regression fit resulted in the slope
of the distance from the center and the length of the major
axis had a value of .515 with an R? value of .999.

Strategies 1 and 2 always reach the center of the ellipse.
Strategy 2 yields a slightly better competitive ratio, the ratio
of the distance traveled to the actual distance between the
first point on the ellipse and its center (1).

The avalanche handbook [4] suggests that for the tradi-
tional method, skiers perform four iterations before probing
for the lost skier. Using our simplification, for a ellipse with
major axis of length 2, it takes 16 iterations to be within
1075 of the center; for a length of 5 it also takes 16 itera-
tions to achieve the same bound; and for a length of 10, it
take 64 iterations to reach the same level.

We introduce error similarly to Biedl et al. [1]. Turning
90° and finding a midpoint are the two actions that are prone
to error. Strategy one is especially prone to error because it
requires two 90° turns and four midpoint calculations. Strat-
egy two improves on this slightly as it necessitates making
two 90° turns and calculating only three midpoints. When
turning 90° we assume that the skier could be off by up to
+10°, and for the midpoint calculation, we assume that we
could be off by a factor of 0.0125, where the error was chosen
in both cases according to a normal distribution? around 0
with standard deviation of 0.05.

We simulated error in strategies one and two for various
lengths of the major axis. As the eccentricity of the ellipse
increased, so did the error for both strategies. We found
that the error was greatest when the two parallel chords the
searcher walks are very close together, in fact, if the skier is
walking chords that are very close together, it might be bet-
ter to start the strategy over facing in a different direction.

The error for strategy one grows more quickly than that
of two, see table 2. The relationship between the length of
the major access and the error in strategy one appears to be
a quadratic polynomial, while strategy two appears to be a
linear relationship, both with an R? value of .999.

21f the absolute value of the point chosen is greater than 1, we
change the value to +1.

a stratl | strat2
1 12 .10

3 .33 .34

5 .75 .59

7 1.36 .84

10 | 2.50 1.23

Table 2: The average distance from the center returned by
the algorithms as eccentricity increases. The value of a is
the length of the major axis, and the minor axis has fixed
length one.

Figure 6: How the actual induction lines extend from the
transceiver. We consider a large ellipse containing both
smaller ellipses

5 Future Work and Open Problems

For the purpose of this paper we have assumed the induction
lines from the transceivers are ellipses. In reality, the path
of the induction lines is similar with the one in Fig. 6. The
ellipses have “dead” areas where no signal is received. At this
moment we have no good strategies to address this problem.

There is the question of the practicality of the methods we
have presented. While our simulations theoretically showed
that operations easily performed by skiers can find the cen-
ter, only real-life experiments can determine if they have
practical value.

Modern transceivers are more sensitive to the orientation
between the search transceiver and the buried one, making it
easy to determine the tangent to the induction line. When
such transceivers are used, the searchers have the option
of performing an ”induction line tangent search” [5]. How-
ever it seems that while this method is great at covering
a lot of space fast, it becomes a source of confusion when
the searcher gets close to the center, with sudden direction
changes. It would be interesting to see if we can combine
the induction search with the special case of strategy 2.
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