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On some monotone path problems in line arrangements

AdrianDumitrescu
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We give tight estimateson theminimum lengthof a longest
monotonepathin an arrangementof � lines, wherelength
counts thenumber of turnson thepath. Tight estimatesare
also obtained for the casewhen length countsthe number
of visited vertices. Whenlengthis definedasthe sizeof a
convex/concave chainin thearrangementanexactbound is
obtained.� ��� ����������������� �
Consideraset� of � linesin theplane.Thelinesof � induce
a cell complex, �! "�$# , calledthe arrangement of � , whose
vertices aretheintersectionpointsof thelines,whoseedges
arethemaximal portionsof linescontaining no verticesand
whosetwo-dimensionalcells aretheconnectedcomponents
of %'&)('*,+.-0/�1 . It is assumedthatnoneof thelinesis parallel
to the 2 -axis.

Oneof the propertiesof a line arrangementwith � lines
is the maximumpossiblelength, denoted by 354 , of an 6 -
monotonepolygonal line (path) composedof edges of the
arrangement.Thelengthis definedasthenumberof turnsof
thepolygonalline plusone(i.e., thenumber of segmentsof
thepolygonalpath). Theproblemto estimate3 4 wasposed
in [4]. The bestknown lower bound, dueto Baloghet. al.
[1], is subquadratic: 78 "�'&:90;=< > ?.@ 4 # , where ;BADC . It im-
provedon earlierresultsdueto Sharir[3, 4], Matoušek[6],
Radoǐcić andTóth [7]. Fromtheoppositedirection, no sub-
quadratic upperbound is known. Suchbounds have been
recentlyobtained only for line arrangementswith a small
numberof slopes[2].

In thispaper weconsidersomerelatedquestionsonmono-
tonepaths.An arrangementof lines, �! E�)# , is calledsimple if
no two linesin � areparallel andnothreelinespassthrough
the samepoint (vertex). For the problemsthat we arecon-
sidering, we will furtherassumethearrangementis simple.
Let � beanarrangementof � lines;we write F �GFIHJ� . We
denote by K! L�M# the set of its vertices. By the above as-
sumption, thetotal numberof verticesin thearrangementisF K! E�N#OFPHRQ 4 & S .The T -level of anarrangementof � lines is theclosureof
thesetof points on thelineswith theproperty thatthereare
exactly T linesbelow them( TUHWVYXOZOZ[ZOX\�^]_C ). The T -level
of a line arrangementis alsoa 6 -monotonepolygonal path,
whichturnsateachvertex of thearrangementthatliesonthe`
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path. Let ab L�M# be the lengthof a longestlevel in � , where
lengthis thenumber of verticesplusone,i.e., thenumber of
segments on thelevel. Put ab "�c#5Hedgfih5j k)j l 4 ab E�N# .

Let m� L�M# be the lengthof a longestmonotonepathin � ,
wherelengthis thenumberof turnsplusone,i.e.,thenumber
of segmentsonthepath.Put m� "�c#5Hedgfihnj k)j l 4 m� E�M# . Clearlyab E�c#poqm� E�c# .
Theorem 1 Each simple arrangement of � lines admits a
monotone path of length at least � , where length is the
number of turns plus one. This bound is asymptotically
tight: for each �srut , there exists a line arrangement in
which no monotone path is longer than v0�,9�wyx{z}|0~n� . Thus��oqab E�c#)oqm� E�c#)o�� 4�  bCpx{�� bC:#b# .

Radoǐcić andTóth have observedthat if lengthis defined
as the number of verticesof the arrangementvisited by a
monotonepath, it is easyto construct examples which ad-
mit pathsof length 78 "��&�# . We show thatthis canbefurther
strengthened.

Theorem 2 For each ��r�t there exists a simple arrange-
ment of � lines that admits a monotone path which visits all
its vertices.

Let �� E�M# bethemaximum number of verticesvisitedby a
monotonepathin � plusone.Put �� "�c#5Hedgfih)j k)j l 4 �� E�M# .
Theorem 3 Each simple arrangement of � lines admits a
monotone path which visits at least ��]�C vertices. This
bound is asymptotically tight: for each �Wr�t , there exists
a line arrangement in which no monotone path visits more
than w
�,90t5x�z}|0~n� vertices. Thus ��o��� E�c#$o � 4&  
C�x��� bC:#b# .

Let �[�
 E�M# (resp. � &  E�M# ) bethelengthof a longestmono-
toneconvex (resp.concave) chainof � , wherelengthis the
number of turnsplus one(i.e., the number of segmentsin
the chain), andwrite �
 E�N#gHsd��
�� L� �  E�N#�X\� &  L�M#b# , �
 "�c#gHdgfih,j kpj l 4 �
 L�M# . We have �
 E�c#)oqm� E�c#)oq�� "�c# .
Theorem 4 Each simple arrangement of � lines admits ei-
ther a monotone convex chain or a monotone concave chain
of length at least > ?.@ 4&  
C�xq�� 
C:#\# . This bound is tight. More
precisely, let ��H��{ E�c# be the minimum number such that
any simple arrangement of � lines admits a convex or con-
cave chain of length � . Then �{ E�c#�H Q & 4�� �4�� & S x�C . We thus

have �
 "�c#pH > ?.@ 4&  bC)x{�� bC:#\# .
A set of points in the planeis in general position if no

threepointsarecollinear. A finite setof points is in convex
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position� if the pointsarethe verticesof a convex polygon.
Thefollowing classicalresultof ErdősandSzekeresis well
known:

Theorem 5 [5] For any �_rJw there exists an integer �� "�c#
such that any set of at least �� "�c# points in general position
in the plane contains � points in convex position.

Thestatementregardingthenumberof lines �� "�c# in The-
orem4 is adirectconsequenceof theoriginal proof of Erdős
andSzekeresregardingpoints in convex position.�   	�¡�� ��¢ �O��� � ��£¥¤P�
����¦)��¦�§�¨�©�����©�ª �
We first show that every � -line arrangement � admits a
monotonepathof lengthat least � . Considerthe � levels
in thearrangement«�¬PXOZ[ZOZOX.« 4��­� . It is well known thateach
level is a monotonepaththat turns at eachvertex it passes
through. Every vertex of � appears exactly in two consecu-
tive levels, «)® and «)®�¯ � for someT^°²±:VYXOZ[ZOZ�Xb�U]{t�³ . This
gives F «5¬�F[x_Z[ZOZ:F « 4���� FPH�tn´ � t�µ He�5 "�^]�C:#�X
where F «)®�F is the complexity (i.e., number of ver-
tices) of level T . Let ¶ be such that F «¥·\F Hd�����±�F « � F¸X[ZOZOZOX:F « 4 F¸³ . Then F «)·.F�rq�¹]�C , and «)· is amono-
tonepathof lengthat least� . Hencem� "�c#�rqab E�c#)rq� .

For two setsof points º$X¼»¾½¿%5& , we write º¾ÀÁ» if6, ÃÂ�#$Àq6, LÄ
# for any pairof pointsÂÅ°^º , ÄN°Å» .
We now show the upperbound in Theorem 1. We re-

cursively construct anarrangementof lines � by puttingto-
gethertwo arrangements,onewith Æ"�,9
t�Ç lines, �U� , andone
with È"�,9
t�É lines, � & . SeeFig. 1. The lines in each � · ,¶�HsC0X¼t arealmostparallelto eachother, andtheslopesof
the lines in �N· arecloseto Ê�· , where Ê � ÀWÊ & . Themin-
imum slopeof lines in �g· is equalto ÊÅ· , andtheslopesof
thelinesin � � aresmallerthantheslopesof thelinesin � & .
In addition, all theverticesof � � and � & lie left from those
betweenany pairof lines  �1
·\X
1¼Ë[# , 1O·5°^� � and1�Ë8°U� & . That
is, K! E� � #,*�KG E� & #8ÀÌK� E�N#�(= LKG E� � #,*�K! E� & #\# . There-
cursivesteprequirescompressingtheresultingarrangements
with respectto the lines of slopesÊ � and Ê & respectively
before combining them.

Let m� E�'XÎÍ be themaximum lengthof a monotonepathin
the arrangement � with � lines, whoselast segment is on
line Í , Í�HDC0XOZ[ZOZ�X\� (we index the lines in increasingorder
of slope).We claimthatfor any � ,

m� E�'XÎÍ�#)oÐÏÑ Ò t
�,9�w�xqtOÍ�x{z}|0~5� if CÓo²Í!o��,9�wvP�,9�w�x{zi|P~5� if �,9�w¹o²Í!oÔt
�,9�wÕ �,9�wy]ÖtOÍ�x{z}|0~5� if t��,9�w¹o²Í�o��
andnotethatthis inequality impliesour bound. We proceed
by inductionon � . The basisis satisfiedsince m� bC0X[C:#NHBC
and m� Lt�XOC�#pH×m� Ît�X.tP#pHWt . Let �Ör�w . Considera monotone

A2

A1

Figure 1: Arrangementof eightlinesobtainedrecursively.

path Â in � . We distinguish four casesas to how Â enters
andleavesthestaircasejunction formed by the lines of � �
and � & . SeeFig. 2. Let ¶ denote the index of the line on
which Â leaves � � or � & before entering thejunction. Each
casehassix subcasesaccounting for which interval ¶ andÍ belong. To avoid unnecessarydetailswe omit ØNC terms,
floors andceilingsaswell asthe zi|P~ termsin verifying each
of the cases.The logarithmic term in the bound coversall
these.

A 1 j=2

A 2

i=4

Figure2: Staircasejunctionin anarrangementof ninelines,
anda monotonepathasin case1 of theproof of Theorem 1.

Case 1: Â entersthejunction ona line of � & andleavesit
on a line of � � . We have C�o×¶yo 4 & and C!oeÍ�o 4 & . The
numberof turns in thejunctionis at most t�dgfih, "¶¼XÎÍ�#�]ÔCMot�dgf}h­ "¶¼XÎÍ�# .

Subcase 1.1: C8o�¶5o 4 Ù and CÓo²Í!o 4 � .m� E�'XÎÍ�#)o tw � t xqt�¶�x�t�dgf}h­ "¶¼XÎÍ�#)o tw �!x�t[ÍPX­Ú"|0Û't�¶po � w Z
Subcase 1.2: 4 Ù oq¶no 4 � and CÓo�Í!o 4 � .m� E�'XÎÍ�#)o vw � t x�t�dgf}h­ "¶¼XÎÍ�#)o tw �Gx�t[ÍPX,Ü�z}Ý[�0Û\z}ÞÓß�|Pz}à�á[Z
Subcase 1.3:

4 � oq¶no 4 & and CÓo�Í!o 4 � .m� "�'XâÍ�#)o Õw � t ]Öt�¶�xqt�dgf}hc "¶¼XÎÍ�#)o tw �!x�t[Í0XbÚ"|0Û't�¶pr t��w Z
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Subcã ase 1.4: CÓoq¶no 4 Ù and 4 � oÖÍ�o 4 & .m� E�'XÎÍ�#$o tw � t xqt�¶�xqt'd¹f}h­ "¶¼XâÍ�#)o vw �'X�ábf}hYÜOÝnv0¶po��'Z
Subcase 1.5: 4 Ù o�¶5o 4 � and 4 � oÖÍ�o 4 & .m� E�'XÎÍ�#$o vw � t xqt�dgf}hc "¶¼XÎÍ�#)o vw �'X,á\f}hYÜ�Ý�t�¶5o t��w Z
Subcase 1.6: 4 � o�¶5o 4 & and 4 � oÖÍ�o 4 & .m� "�'XâÍ�#$o Õw � t ]Öt�¶�xqt�dgf}hc "¶¼XÎÍ�#)o vw �'X�Ü�z}Ý[�
Û.z}ÞyßY|0zäà�áOZ

Theremaining threecasesareomittedfor lackof space.å æ � �O� ��� ��¢Uç ©��â������©P��£�¤�������¦Î�8��¦p§y¨�©P���â©�ª � 	 � �U§�¨�©���è��©�ª å
We startwith the proof of Theorem 2. Thearrangementin
Fig. 3 admitsa monotonepathwhich visits all its vertices.
Considerfirst the caseof even � . The arrangementcanbe

6 5

3

1

2

4

Figure3: Arrangementof six linesanda monotonepath(in
bold)whichvisits all C:é verticesof thearrangement.

iteratively constructedby addingthelinesin pairs.First add
two linesmakingasmallangle with thehorizontalaxis.De-
noteby � & · thearrangementformedby thefirst t
¶ linesfor¶�HÌC0X¼t�XOZ[ZOZ�X\�,9
t . Having placedthefirst tY "¶�]²C:# lines,add
two lines 1 & · ��� and1 & · toget � & · , where1 & · hasasufficiently
largepositive slopeand 1 & · ��� hasa sufficiently largenega-
tive slope. In addition, (i) thepoint of intersection between1 & · �­� and 1 & · liesaboveany of thepreviouslinesand(ii) the
pointsof intersection between1 & · ��� andthe previous lines
andthosebetween1 & · andandthepreviouslineslie left of all
verticesof � & · � & , i.e., K! L� & ·Î#,($K! E� & · � & #$ÀeK� E� & · � & # . It
is clearthattheconstructioncanbeiteratedasmany timesas
desired.Themonotonepathwhich follows lines 1�4�XOZ[ZOZOXb1:�
in this order — illustratedin Fig. 3 for �eHëê — visits all
vertices. For the caseof odd � , line 1 & · is removed along
with theportion of themonotonepathwhich it supports.

We now prove Theorem 3. Since �� "�c#8rWm� E�c# , the lower
bound follows from Theorem 1. We now show the upper

bound in Theorem3. Let �� "�'XÎÍ bethemaximum lengthof
a monotonepathin thearrangement� with � lines,whose
lastsegment is on line Í , whereÍUH�C0XOZ[ZOZ�X\� (we index the
linesin increasingorderof slope).We claimthatfor any � ,�� "�'XâÍ�#$o��Gx{d¹f}hc }Í0X\�U]UÍ�#­x�zi|P~5�'X
andnotethatthis inequalityimpliesour bound. We proceed
by induction on � . Thebasis,�{HìC and �²H�t is satisfied.
Let �Jr�w . Considera monotone path Â in � . We distin-
guishfour casesasto how Â entersandleavesthestaircase
junction formedby thelinesof �U� and � & . SeeFig. 2. Let¶ denote the index of the line on which Â leaves ��� or � &
beforeenteringthejunction.

Case 1: Â entersthe junction on a line of � & andleaves
it on a line of ��� . We have CÖoí¶GoîÈ��,90t�É . The induc-
tion hypothesisgives �� E�'XÎÍ�#ÖoïÈ��,90t�ÉMxWdgf}hc "¶¼X�È"�,9
t�ÉN]¶
#�xWz}|0~NÈ"�,9
t�ÉMxë E¶$x�ÍU]ðC�# , wherethe term ¶)x�ÍU]ðC
boundsthe number of verticesvisited in the junction. Re-
placingdgf}hc "¶¼X�È��,9
t�É­]N¶
# by È��,90t�É­]¹¶ , it is enoughto verify
that tcÈ"�,9
t�É�]Ö¶­xq¶cx²Í¹]_C)xqz}|0~gÈ��,90t�Égo��ñx²ÍÓxqz}|0~5� .
Theinequalityclearlyholds.

Case 2: Â entersthe junction on a line of � & andleaves
it on a line of � & . We have Cîo ¶òo È"�,9
t�É andÍÖróÆ"�,9
t�Ç¥xWC . The induction hypothesisgives �� "�'XâÍ�#goÈ��,90t�É�x�dgfih, "¶¼X�È"�,9
t�É5]U¶
#Ix�z}|0~NÈ"�,9
t�É�x� ÎtcÆ"�,9
t�Ç�x�¶�]!Í�# ,
wherethe term t,Æ��,9
t�Ç�x_¶n]²Í boundsthe number of ver-
ticesvisitedin thejunction. Replacingdgf}hc "¶¼X�È��,9
t�Ép]�¶
# byÈ��,90t�É�]�¶ , weaimto show tcÈ��,90t�É$]�¶�x�t,Æ��,90t�ÇnxÖ¶,]UÍyxz}|0~NÈ"�,9
t�É8o_t��g]!Í$x�z}|0~5� . Theinequalityobviouslyholds
sincezi|P~NÈ��,90t�ÉÓo�z}|0~n� .

Case 3: Â entersthejunction ona line of �U� andleavesit
ona line of �!� . Wehave C8o�¶5o²Í!oìÆ"�,9
t�Ç . Theinduction
hypothesisgives �� "�'XâÍ�#�oôÆ��,9
t�Ç8x�dgfih� "¶¼X�Æ"�,9
t�ÇM]_¶
#pxz}|0~NÆ"�,9
t�Ç
x�È"�,9
t�ÉPx¥Í�]¥¶ , sincethenumberof verticesvisited
in the junction is not more than È"�,9
t�É¥xqÍ�]q¶ . Replacingdgfih, "¶¼X�Æ"�,9
t�Ç=]�¶
# by ¶ , we aim to show that Æ"�,9
t�Çyxe¶'xÈ��,90t�Énx�Í=]�¶�x{zi|P~NÆ��,90t�ÇÓo��!x�Íyx²z}|0~5� . Theinequality
is obvious.

Case 4: Â entersthejunction ona line of � � andleavesit
on a line of � & . We have Cgo�¶�osÆ��,90t�Ç and ÍÅríÆ��,90t�Ç)xC . The induction hypothesisgives �� "�'XâÍ�#ëo Æ��,90t�ÇGxdgfih, "¶¼X�Æ"�,9
t�Ç�]²¶
#cx{zi|P~¹Æ��,90t�Çpx� "�Gx�C�]²¶c]�Íyx�Æ��,90t�Ç�# .
Thelasttermboundsthenumber verticesvisitedin thejunc-
tion. Replacingdgfihc E¶¼X�Æ��,90t�ÇY]8¶
# by ¶ , wewantto verify thatÆ��,90t�Ç�x=¶¼x=�'x!C�]y¶O]�ÍIx�Æ��,9
t�Ç�xÓz}|0~8Æ��,90t�Ç8oÔt
�p]�ÍIx=zi|P~'� .
Theinequalityfollows from: zi|P~NÆ��,90t�Çpx_CÓo�z}|0~5� .õ   	�¡�� ��¢gö ©
¦â��÷b�����
� ¢ ¨��Oø'�O��� � �$� ��ö ù £n�
� ��ç ©Pú�û��
� � �
	 ç ©��¨�	�� � �Ó	 � ����¨�©U¤�������¦$��¦$§y¨�©P���â©�ªÁõ
A set ü of points in generalpositionin theplane,no two on
a vertical line, is an � -cap ( � -cup, respectively) if ü is in
convex positionandall pointsof ü lie above(below, respec-
tively) the line connectingthe leftmostpoint of ü with the
rightmostpoint of ü (seeFig. 4).
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Figure4: A v -capanda é -cup.

ErdősandSzekeresprovedthatany setof atleast Q & 4�� �4�� & S xC pointsin general positionin theplane,notwo onavertical
line, contains an � -cup or an � -cap[5]. They showed that
this bound is tight, i.e., thereexist setswith Q & 4�� �4�� & S points
containing no � -cup or � -cap. More generally, thereexist
setswith Q ®�¯�ý � �® � & S pointscontaining no T -cupor a -cap.

Proving themainpartof Theorem4 is anexercisein us-
ing thepoint-line dualitytransform. Fix an  "6,Xb2�# -coordinate
systemin the planeand considerthe duality transform þ
whichmapsapoint ÂñHJ LÿIX���# to thenonverticalline Â � with
equation 2�Hìÿ�6U]�� . Conversely, a nonvertical line a with
equation 2¹H�ÿ�6¹x�� is mappedto thepoint a � HJ Eÿ�XO]��O# .
Lemma 6 A set of �Druw points forms an � -cup ( � -cap,
respectively) if and only if the dual lines form a monotone
convex (concave, respectively) path of length � .

Theorem5 impliesvia Lemma6 that �{ E�c#$oDQ & 4�� �4�� & S x�C .
As mentioned above, thereexist setswith Q & 4�� �4�� & S points in
general position, no two on a vertical line containing no� -cup or � -cap. The dual set of lines forms a simple ar-
rangementwith Q & 4�� �4�� & S lines that hasno monotoneconvex

or concave path of length � , thus �{ E�c#�H Q & 4�� �4�� & S xRC .Theasymptoticrateof theabove binomial coefficient gives�
 E�c#5H > ?.@ 4&  
Cpx��� 
C�#b# , concludingtheproof of Theorem4.

� �n� � � ö ���O�¸� �
Our constantsin theupper boundsin Theorem1 andTheo-
rem3 arebestpossiblefor thearrangementin Fig. 1. Con-
siderfirst thenumberof turns.By repeatedly using ¶����,9�w
(on a line of � & ) and Í	�×�,9
w at eachstepof therecursion,
onegetsa monotonepathof length � &� ��x &� 4 & xðZOZ[Z�H& 4��

�· l ¬ �&�� H � 4� .

Considernow the number of visited vertices.By repeat-
edly using ¶��ë�,9�v (on a line of � & ) and Í��ì�,9
t at each
stepof the recursion, one getsa monotone path of length
�
�� �!x �� 4 & x_Z[ZOZ�H � 4� 
��· l ¬ �& � H � 4& .
Clearly, takingawalk onany line of anarrangementvisits�8]UC vertices(whichgivesanother proof of thetrivial bound�� "�c#yr×� ). Are theremonotonepaths(in any arrangement)

whichvisit  bC)x��
#
� verticesfor someconstant�MAÔV ?
For a set � of � points in the plane, a subset��� of � is

calleda T -set of � , CÓo_T!o��g]�C , if ��� hasexactly T points
andit canbecut off � by a straightline disjoint from � (see
e.g.[8]). It is straightforwardto constructexamplesof point
setswhosenumber of T -setsis � for eachT²°_±�C0XOZ[ZOZ�X\��]C
³ , namely points in convex position.Thepoint-line duality
transform providesexamplesof line arrangementswherethe

complexity of eachlevel is roughly at most t
� . It is not
clearhowever whetherthis bound canbe brought down to
about � : Does�� E�c#nH_�5 bCnxÖ�� 
C�#b# hold?If not,doesany ofm� "�c#5He�5 
Cpx��� 
C�#b# or ab E�c#5H_�5 bCpx{�� bC:#b# hold?
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