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Algorithms for Bivariate Zonoid Depth

HarishGopald

Abstract

Zondd depthis a new notionof datadegh proposedby Dy-
ckerhdf et al [DKM96]. We give efficient algoithms for
solvingsereral zoroid depthprodemsfor 2-dimersional(bi-
variate)data.

1 Introduction

Datadepthmeasuresiow deepor centrala givenpointz in
R? is relative to a given datacloud or a prokability distri-
bution in R?. Someexamges of datadepthare halfspace,
simplicial, convex hull peelingandregressiordepthgRaf].

Givenasetof pointsS = {p1,p2,...,ps} in R? in gen-
eralposition,

CH(S) = {ZAiPi [0< A < 172/\1' = 1}
=1 i=1

is calledthecorvex hull of pointsin S. But

n 1 n
Z(S) = {ZA,»p,» [0< A< < LY A= 1}
=1 i=1

is calledthe zonoidof depthk or k-zonad. Sincea zonoid
is definedby a setof linear constraintsjt forms a convex
polygon. Furthernore,for k1 > ks, thek,-zonad is asubset
of the k»-zomoid, hence{1,...,n}-zonoidsarenested.For
otherpropertiesof zondds, seeDyckeroff et al [DKM96]
andMosler[Mos2].

Now, the zonad depthof a pointp is definedasthe max-
imum & for which p lies inside Z;(S). Dyckerloff et al
[DKM96] give analgorithmto compute the depthof a point
in a datacloudof fixeddimersiond by solvingalinearpro-
gramin thevariades Ay, . .., A,,. To obtainanefficientalgo-
rithm, they make useof the factthatmostof the constrants
onthe \;’s areindepeidentof S. However, therunring time
of theiralgoiithm is undear.

In this pape, we exhibit a relatiorship betweenzonads
andk-sets. Using this relatiorship, we develop efficient al-
gorithms for compuing a k-zonad, all k-zoroidsfor 1 <
k < n andfor compuing the zonoiddepthof a point.

The remairder of this pape is organized asfollows: In
Section2, we discusgherelationslip betweerzonoiddepth
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andk-sets.In Section3, we give algorithms for computing
aspecificzonoid compuing all zonads, andcompuing the
zonad depthof a point.

2 Properties of Zonoids

GivenasetS of n pointsin geneal positionandaninteger
0<k<n-2 asetS C Siscalleda k-setif S’ hask
poirts in it andthesecanbe separatedrom the remainirg
n — k points of S with a straightline.

ConsideiasetS of n points.If we constriet all possiblel-
setsof .S, we obtainthe vertices of the CH (SS), represente
by the thick pointsin Figure 1. By joining all such1l-set
poirts, we getthe zonoidof degh 1 or 1-zanoid or Z(S),
andZ,(S) = CH(S).

Now, on the sameset .S, corstructall possible2-sets.In
each2-set takethemean(representedby the X onthedotted
line sggment joining 2 pointsin each2-set)of the pair of
points. By joining all suchmears from all 2-setsof S, we
obtaina 2-zoroid of S or Z»(S) asin Figure2. In asimilar
fashion zonads up to depthn canbeconstruited.

g

Figure 1: 1-setson S andthe 1-zanoid

Lemmal For anyinteger 1 < k < n, thereis a bijection
betweertheverticesof Z(.S) andthe k-setsof S.

Proof. We shaw thattherelatiorshipbetweenk-zonad ver-
ticesandk-setsis bothone-toeneandonta

One-teone: Considera k-setin asetS of n points. Allot
i = % to eachpointin this k-set. Thisis in accodanceto
thedefinitionof a k-zorpid in Sectionl. Then}"" | A;p; is
themeanof thepointsin the k-setaswell asanextremepoint
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Figure2: 2-setson S andthe 2-zoroid

of Z;(S) in thedirection pergendiculato theseparatingine.
If wetakeadifferentk-setanddoasabove, wegetadifferent
k-zoroid vertex. Also, two k-setsare not madeup of the
samepoints. So differentk-setscorrespondto different k-
zonad vertices.

Onto: A k-zorpid vertex is extremein somedirectionand
is themeanof thepointsin the k-setseparatetby aline per
pendcularto thatdirectian. a

3 Algorithms for zonoid depth

We now give algorithns for vaiiouszonadd depthprablems,
basednLemmal.

3.1 How to construct a k-zonoid

Thetop partof Figure3 representthe primalandthebottom
part,thedual. Theupper(lower) corvex hull of pointsin the
primal correspondso theupper(lower) envelopeof thelines
in thedual. In the primal, we constructa k-zorpid, for some
k. Inthedual,thisis theshadedegion Theupperandlower
bourdariesof theshadedegion arealsocorvex, becaus¢he
correspndirg boundariesof the k-zonad in the primal are
convex.

Eachvertex of the k-level andthe (n — k)-levd in the
dual mapsto aline thatseparates k-setin the primal. We
constreted the k-zonoid in the primal by finding all pos-
sible k-sets,taking the meanof & pointsin eachk-setand
then joining thesemeanpoints of all k-sets. In the dual,
we first constret the k-level (respetively the (n — k)-level)
andthen,for eachvertex, we drav anupwards (respectiely
downwards)verticalray throughit, andcomputethe meanof
the k linesthatintersectthis verticalray. Suchmeanpoints
arethenjoined to get the bourdariesof the shadedregion
in Figure3. It mayke obseved herethatfor eachvertex on
theupper(respectrely lower) bourdaryof the dualof the k-
zonad, thereis a vertex directly below (respectiely above)
it onthek-level (respectiely the (n — k)-level).

D2

Figure 3: k-zonad in primalanddual

UsingChansalgoithm [Cha®b], thek-level andthe(n—
k)-level canbe corstructedin O(nlogn + nk3) expectel
time. This algorithm is easily augmentedto outpu the k-
zonad.

Theorem 2 Thek-zonoidcanbe computedn O(nlogn +
nk3) expectedime

3.2 Computing all zonoids

The relatiorship betweenk-zonads, k-levels and (n —
k)-levels allows us to compte all {1,...,n}-zomids in
O(n?) time by compuing all arrargementsf theduallines
[EdeB7].

Theorem 3 {1,...,n}-zondds can be computedn O(n?)
time

Oncewe have compuedthe{1,...,n}-zonoids,we can
prepocesshemfor pointlocationusingKirkpatrick’s algo-
rithm [Kir83].

Theorem 4 After O(n?) preprocessingthe zonoiddepthof
anyquerypointp canbecomptedin O(logn) time
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3.3 Depth computation - decision version

GivenasetS of n pointsin geneal positionanda query
point p, we wantto find out the largestinteger k& for which
p liesinside Z(S). Thisis the optimization versia of the
following decisionprablem: Givena setS of n pointsin
geneal position a querypoint p andaninteger1 < k <
n, repat whethe p lies inside or outsideZ; (S). We first
concelrateonthedecisionprodem.

ConsidemgainFigure3. In theprimal,if thepoint p; were
to be moved upwards alonga vettical line passingthrowgh
p1, thentheline p} alsomovesupwards in thedual, parallel
toitself. Whenp, hitsthek-zoroid boundary p} alsohitsthe
bourdaryof thedualof the k-zormoid. Sincethis bourdaryis
corvex, line p7 becomestangemtoit. Thisleadsusto the
following idea:in theprimal,draw averticalline throudh the
pointp; . It intersectghe k-zoroid at 2 points(if thepointp;
is outsideandto theright or to theleft of thek-zonad, thenit
is trivially outsideandneglected. Findingtheseintersection
pointsis equiaentto finding the points atwhich thevettical
translationof line p; becanestangen to the bourdariesof
the dual of the k-zondd. Oncethey arefound, it canbe
easily saidwhetherp, is insideor outsidethe k-zorpid by
comparing the y-cooiinatesof the intersectia pointswith
thatof p;. Hereafterwe corcentrateon finding that vertex
onthe uppe bourdary of the dual of the k-zonoid at which
pi is tangem. Sucha vertex on the lower bourdary canbe
found in asimilar manrer.

Figure 4: Vertical strip V' shaving the k-level and corre-
spondihg upperbourdaryof thedual of the k-zonad

Consideranopenvettical strip V' in thedual,asin Figure
4, shaving the k-level andthe correspndingcorvex upper
bourdary of the dual of the k-zoroid. To find out whether
or nottheline p} is tangem to somebowndaryvertex inside
V', we do the following: we coun thefirst & lines from the
top intersecteddy the left vertical line of V, and compue
their mean. This actuallyinvolvesfinding the meanof the
slopesandintercepts of theselines (which arethe z- andy-
coordnatesof the points correspndingto theselinesin the
primal). This gives us the line contairing the segmentof
the upper boundary of the dual of the k-zonad intersected
by theleft vettical line of V. We do similarly for theright
vertical line of V. Now we compae the slopess; andss
of the left andright intersectedsegmens respectiely with
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slopes, of line p7. If s1,s2 < sp, thenpy is a tanget
to the upper bourdary to theright of strip V. Similarly, if
81,82 > sp, thenpi is atanget to theupper boundaryto the
leftof stripV'. Butif s; < s, < s, thenpy isatangemtothe
boundaryinsidestrip V. Therunring time of this checkis
O(n), becasewe coun k linesontheleft andright vertical
line andcompute their means.The slopecomprisonis, of
course,dore in constantime. Hencewe have thefollowing

lemma.

Lemma5 If V is anopenvertical strip in thedud, wecan
find out whetheror not this strip contans the bourdary ver-
tex at which p} is tangent,in O(n) time

Lo etal [LMS94] give analgoiithm for hamsandwichcuts
by looking for a specificpoint onthe medianof anarrang-
mentof lines. The maintool requred by their algorithm is
a methal to deternine whetherthe pointin questionlies to
theleft, rightorin avettical strip. Combinirg Lemmab with
theiralgoiithm givesusthefollowing theorem

Theorem 6 GivenasetS of n pointsin theplanein geneal
position aninteger 1 < k£ < n anda querypoirt p, wecan
findoutin O(n) time whetheror notp lies insideor outside
the k-zonad Z(S). More generlly, we can computethe
intersectionof Z,(.S) with anylinein O(n) time

3.4 Depth computation - full version

To compute the depthof a point we make useof a geneal
techrique dueto Chan[Cha994 which requires (a) a deci-
sion algoithm and (b) a decompsition into subpobblems.
Thedecisionalgorithmcomedrom Section3.3. We now de-
scribethe deconpositionof our prodeminto subprdlems.
Givenasetof points S = {p1,p,-..,pn} in geneal po-
sition and a setof weighs w = {wy,ws,...,w,} where
W =", w;, aweightedzonoidof depthk is definedas

| =

1 n n
Zk(Saw):{Wz/\iwipi|OS/\iS ; )\i=1}
im1 i=1

We partition our problem into 4 subpbblems
S1,52,53 andS, as follows: we first partition the set
S of n points into 4 quadants 1, Q2, Q3 and@,, each
contaning rouchly 7 points, using Megiddo’s algorithm
[Meg85]. SubpoblemS; contains3 consective quadants,
say (Q1, @2, @3, and a single point whose weight is the
weightal averageof all the pointsin Q4. S0S; has%" +1
points. We definethesetsS,, S3 and Sy in asimilarmanrer.
We define depth(p, S;) asthe zonoid depthof point p in
prablem S;. We solve the subpoblemsrecusively. Note
that this meming producesa strictly smaller zoroid, i.e.
Zk(Sz-,w) - Zk(S).

Lemma7

a. depth(p, S;) < depth(p, S) foreah1 < i <4,
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b. depth(p,S) = max{depth(p,S;) | 1 <i < 4}

Zx(S)

Figure5: Partitioning the Z(.S) zonad into triandes

Proof. Part a follows from the obsenration that Z(S;) C
Zy(S). To seewhy Part b is true, suppee depth(p, S) =
k and partition Z(S) into triandes by draving sggments
joining Z,(S) to eachof the vettices of Z(S), asshavn
in Figure5. The poirt p lies in one of thesetriangles,say
with verticesZ,,(S), a andb. Thepointsa andb correspond
to two k-setsthathave k — 1 points in conmon. Indeed,
therearetwo infinitesimally closelines!,, andl;, suchthatl,
defineghe k-setfor ¢ andl, defineshe k-setfor b. Sincel,
andl, areinfinitesimally close,they intersectat mostthree
of thequadantsQy, ..., Q4. Wlog supposehey miss(@4.
Thenit is nothardto seethat Z (S1) hasa andb asvettices.
Furthemore, Z;,(S1) contairs Z,,(S) andis corvex, so it
contairs p. Therefae depth(p, S1) < k = depth(p, S) as
required. O

This satisfieshe requrementsof Chans optimizational-
gorithm [Cha9%®], andtherefae yields the following theo-
rem.

Theorem 8 GivenasetS of n pointsin theplare in genel
positionand a query point p, we can find the largestk for
which p liesinside Z(S), in O(n) time
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