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Computing Nice Sweeps for Polyhedra and Polygons

ProsenjitBose*

1 Introduction

The planesweeptechniqueis oneof the bestknown paradigmdor

the designof geometricalgorithms[2]. Here an imaginaryline

sweepsover the planewhile computingthe propertyof interestat

the momentthe sweepline passeshe requiredinformationneeded
to compue that property Thereare alsothree-dimensiorigprob-

lems that are solved by spacesweep,where a plane sweepsthe

space.

This paperdoesnot deal with the sweepingparadigmitself; it
dealswith testingpolygonsandpolyhedrato determindf they have
a certainproperty The propertiesthat we considerare relatedto
sweeping. We will testfor a simple polygon or polyhedronif it
canbe sweptby aline or planesuchthat every cross-sectiomasa
propertylike being corvex or simply-conneted. For example,to
determinefor a simplepolygon (with interior) in the planewhether
thereis a sweepdirectionsuchthat every cross-sectioris simply-
conneted(apoint,line sgment,or empty)is thewell-known ques-
tion of determiningwhethera simplepolygonis monotorein some
direction. We solve two extensiors of this problemin 3-spaceand
solve anotherextensionin the plane.

The first questionwe addressappliesto a polyhedon P in 3-
space.We wantto determineif thereis avectord: suchthatif a
sweepingplanewith normald passesver P, every cross-section
of P is corvex. Toussain{7] callsthis propertyweaklymonotonic
in the corvex sense Obvioudy, for corvex polyhedra,ary vectord
givesonly corvex cross-sectionduring the sweep.For mary non-
corvex polyhedrano suchvector exists. We give an O(n log n)
time algorithmto find a vectord if oneexists, for a simple poly-
hedronwith n vertices. In casewe allow more than one corvex
polygon in the cross-sectionbut no reflex vertices,we solwe the
problemin lineartime.

The secondquestiondealswith cross-sectionsf simple poly-
hedrathat are always simply-conneted. This propertyis called
weaklymonotonic[7]. Againthe problemis to determinea vector
d, if oneexists, suchthat ary planenormalto d intersectsP in a
simplepolygon. This cross-sectiomay degeneateinto aline seg-
ment,singlepoint, or beempty Thecross-sectiomaynotbecome
disconneted,nor may it containa hole. We solve the problemin
O(n?) time.

Thirdly, we considersweepinga simplepolygon with aline, but
we allow the line to changeits orientation. The problemis to de-
termineif sucha sweepexiststhatpassesver thepolygon P, such
that every cross-sectioris connectedgenerally a singleline seg-
ment). The problemis solvedin quadatic time, alsoif we require
additionallythat the sweepline never goesbackover ary point of
P.
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2 Sweeping a simple polyhedron with convex cross-
sections

Givena simplepolyhedron P with n verticesin 3-spacewe want
to determineif thereis a sweepdirectionjso that every cross-
sectionis a corvex polygon A slight variationto this questionis

decidingwhetherevery cross-sectiorcontainszero or more con-
vex polygons,but never reflex vertices.We call sucha polyhedram

sweepablén directiond. We will first establisithatwe only have

to consicer reflex edgesof the polyhedon in orderto solve these
problems.

Figurel: Polyhedrawith convex cross-sectionsnly.

Lemmal (proof omitted)Let P be a simplepolyhedon and let
E, bethesetof its reflex edges P is sweepablén directiond’
sud that every cross-sectioris empty a point, a line sgment,or a
(collectionof) corvex polygor(s)if andonly if the sweeplanewith
normald is parallel to all edgesin E,.

Notethattherecanbe casesvherethe cross-sectiorronsistsof
morethanonecorvex polygon, but never areflex vertex. Thiscan
occurwhenthe sweepplanecontainsa reflex edge,andbothfacets
incidentto thereflex edgeareto the sameside of the sweepplane.
Figure 1 shavs somepolyhedrathat are sweepale, wherecertain
sweepdirectionsonly give single corvex polygonsas the cross-
section,whereasother sweepdirectionsmay give several cornvex
polygors in somecross-sectionNote thatall essentiathangedo
the cross-sectiomccurwhenthe sweepplanereachesr passesa
vertex.

To decidealgorithmicallyif a directionexistswith only corvex
polygors asintersectionsye distinguishfour cases:

1. PolyhedronP is corvex.

2. PolyhedronP hasatleastonereflex edgeandall reflex edges
have the sameorientation.

3. PolyhedronP hasat leasttwo reflex edges,and all reflex
edgesf P have orientationghatspana plane.

4. PolyhedronP hasthreereflex edgeghatarelinearlyindepen-
dent.

It is simpleto determinein lineartime which of the four cases
appliesfor a givenpolyhedon. Casesl and4 canbe handed triv-
ially: In casel ary sweepdirectionworks,andin case4 no sweep
directionworks, which follows from Lemmal.
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Cases2 and 3 arealsotrivial if collectionsof corvex polygons
areallowedin the cross-sectionhut no reflex vertices.The answer
is positive, againby thelemma.

For the problemwherethe intersectionmustalways be at most
one corvex polygon, an additionaltestis required. All directions
suchthatthe sweepplanecontainsa reflex edgeandbothincident
facesareto the sameside,arealsoforbiddenthen. If case3 above
applies,thereis only one candidateorientationfor a sweepplane,
andwe cantestthe extra conditioneasilyin lineartime. If case2
appliesthe sweepdirectionmustbe normalto thereflex edge(s)f
P, whichimpliesthatthesweepplanestill hasonerotationaldegree
of freedom.This canberepresentedy a circle of candidatesweep
directions.Eachreflex edgeeliminateswo antipodalintervals (cir-
culararc)from thecircle of orientationgo fulfill the conditionthat
bothincidentfacesmaynot be on the samesideof the sweepplane
whenthe sweepplanecontainsthatedge.To testif all circulararcs
togethercoverthecircle,implying thatno goodsweepdirectionex-
ists, we solve the problemby sortingthe endpointsof the circular
arcsalongthecirclein O(nlogn) time.

Theorem 2 LetP beasimplepolyhedonwith n vertices.In linear
time onecantestif a sweepdirection exists so that every cross-
sectionis a collectionof corvex polygms. In O(nlog n) time, one
cantestif a sweepdirectionexistsso that every cross-sections a
singleconvex polygon

3 Sweeping a simple polyhedron with simply-
connected cross-sections

In this sectionwe wish to determinewhethera simplepolyhedon
P admitsa sweepdirection so that every cross-sectioris simply-
conneted. To this end,we analyzewhattopologicalchangescan
occurwhensweepinga simplepolyhedronby a planein a specified
direction. Assumewe sweepvertically, from top to bottom,with a
horizontalplane.The possiblechangesvhensweepingn direction
—Z are(seeFigure?2):
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Figure2: Topologcal changeshatcanoccurin thecross-sections.

1. A new compaentin the cross-sectiorstarts. This is caused
by alocal maximumof P in direction?Z.

2. A compmentin the cross-sectiomisappears. This is caused
by alocal minimumof P in directionz.

3. A compamentin the cross-sectiortreatesa hole ‘in the mid-
dle’. Thisis causedby alocal maximumof the complemen
of P.

4. A comporentin the cross-sectiortlosesa hole ‘in the mid-
dle’. Thisis causedy alocal minimum of the complemen
of P.

5. A comporentsplitsinto two compaents.Thisis causedy a
saddle-typevertex.

6. Two compmentstouch to form one compament.
causeddy asaddle-typevertex.

7. A compaentin thecross-sectiogreatesa hole‘at thebourd-
ary’, thatis, theouterbourdary of acomponet curlsto touch
itself, therebycreatinga hole. Thisis causedy a saddle-type
vertex.

8. A componat in the cross-sectiompensa hole ‘at the bourd-
ary’.

9. A holeof acompmentsplitsinto two.

10. Two holestouchto form onehole.

11. A holehasanewx comporentsplit off insidethe hole.

12. A compaentinside a hole meilgeswith a surroundingcom-
ponent.

All of thesechanges can only occur when the sweepplane
reacheor passes vertex. We representll possiblesweepdirec-
tions by a spherecenteredat the origin o. A pointq on the sphere
representthesweepdirectionsg. Eachvertex of polyhedon P de-
finesa partitionof the sphereof directionsinto regionswheresome
topologicalchangeoccursin the cross-section A vertex canbe a
local maximumin a certainsweepdirection; this was studiedand
usedfor the applicationof mold filling in [1]. The samevertex can
beonewhere—inanothersweepdirection—aholeis createcr de-
stroyed in the cross-sectionin yet anotherdirectionit may cause
notopologicalchangeatall. SeeFigure3.

This is
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Figure 3: Dependng on the sweepdirection, differenttopologi-
cal change canoccurin the cross-sectiowhenthe sweepplane
reaches.

On the sphereof directions, the bourdariesbetweendifferent
regionsdefinedby a vertex aredeterminedoy the directionsof the
edgesncidentto thevertex. Every edgein factgivesriseto agreat
circle onthe sphereof directionswhich representshe collectionof
normalsof the sweepplanefor which it is parallelto theedge. In
otherwords,thecircle representshe perpemlicularsto the edge.

Sincea polyhedon with n verticeshasO(n) edgesthe sphere
of directionsis partitionedinto O(n?) regions boundedby pieces
of greatcircles. Eachregion definesa setof directionsfor which a
sweepencounersthe sametopologcal changs. We cancompute
this arrangemat by standardnethodsn quadatictime.

Notethata sweepin adirectionJhasatmostonesinglesimple
polygonin thecross-sectioif andonly if it hasonelocalmaximum
andonelocal minimumin thatdirection,andno othertopological
changesoccur The numker of local maximaand minima, andthe
occurrenceof topologicalchangesareinterdependst. A polyhe-
dronthathasonelocal maximumandtwo local minimamusthave
a vertex at which the cross-sectioris split, one part of the cross-
sectionendingat the one local minimum and the otherendingat
theother

Lemma3 (prootomitted) Given a simple polyhedon P and a
sweepdirectiond, every cross-sectiorwith a plane normal to d
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is emptyor simply-conectedif and only if P hasexactly onelo-
cal maximumand onelocal minimumin directiond, and no local
maximunmor minimumof the exterior in directiond.

To determinea sweepdirectionin which every cross-sectioris
simply-conrectedwe only have to considedocal maximaandmin-
ima of the interior andthe exterior of P. Every vertex determines
a (possiblyempty) region on the sphereof directionssuchthat it
is a local maximum (or minimum) for thosesweepdirections. In
the sameway asin [1], this canbe donein quadratictime. We de-
terminea cell in the arrangemenon the sphereof directionsthat
correspods to the smallestnumbe of local maximaplus minima
(interior andexterior). If thereis onelocal maximumandonelocal
minimumof theinterior, this smallesinumberis 2, andonly thenis
the polyhedon sweepablavith simply-comectedcross-sections

Theorem 4 Let P be a simple polyhedon with n vertices. In
gquadmatic time, onecantestif a sweepirectionexistssothatevery
cross-sectioris simplyconnectedr empty

4 Sweeping a simple polygon in varying directions

We godown in dimensionto theplanarcaseandconsidersweeping
with aline, but now thesweegine is allowedto changets direction
during the sweep.We modelthe movemeris of the sweepline by
asequene of translationsndrotationsthatalternate For rotations
we mustspecifya centerof rotationonthesweepine, andanangle
of rotation. We startout with a simplepolygon P in theplane,and
adirectedhorizontalline strictly above all verticesof the polygon
The final situationof the sweepis one wherethe directedline is
strictly below all verticesof the polygon Theline mustbedirected,
otherwiseit could go from initial to final positionusinga half turn
besidethe polygon, not intersectingit at all. The simple polygon

-

'

Figure4: Thetop line shavs the position beforethe sweep;the
bottomline afterthe sweep.Threepossibleintermediatepositions
areshawn.

P is assumedo be aclosedsetwith interiorandbourdary. During
thetranslationsandrotations the sweepline may only intersectP
in asingleline segmert, or a point, or not atall. Sothe sweepline
(generally)intersectsthe boundary of P in two points. Figure 4
shaws that this kind of sweepis more generalthan sweepingby
translationonly. We will studytwo versionsof the sweepproblem
with varyingdirections.Onewherethe sweepine is notallowedto
gobackandonewherethisis allowed. For eachcasewe developan
algorithmto decideif the polygonis sweepablén thedesiredway.

Notethatthisis relatedto but differentfrom walkablepolygors [5]

andstreetpolygong6].

Thekey to the solutionis dualization We requirethatthe sweep
line alwaysintersecthepolygonin atmosttwo edgesexceptwhen
goingoververtices.In thedual,theedgef thepolygonaredouble
wedgesandthe sweepline is a moving point. Translationof the
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sweepline impliesthatthe dual ‘sweeppoint’ translatesertically,
androtationof thesweegine impliesthatthesweeppointtranslates
alonganon-\erticalline. Whenthe sweepline goesfrom oneedge
to the next over a vertex, the sweeppoint goesfrom one double
wedgeto anothevia their commonboundng line.

Figure5: A simplepolygonandthe dual arrangementf its ver-
tices. Forbiddenfacesare gray; two valid paths—throuf white
facesonly—areshovn

The verticesof the polygon dualizeto all relevantlinesin the
dual plane. The bottommosftaceis the onewherethe sweeppoint
startsandthetopmostfaceis theonewhereit mustend.If thedual
sweeppoint lies inside more thantwo doublewedgesthenthere
aremore thantwo edgesof the polygon that intersectthe sweep
line. Sothe questionis whetherthe sweeppoint cango from the
bottommostfaceto the topmostfacevia facesthat lie in at most
two double wedges Fromoneface thesweeppointmayonly goto
adjacentaceghatshareanedgein theirboundary, notif they share
avertex.

Two lines at the sameposition but oppasite orientationshould
notdualizeto the samepoint. To dealwith this, we usetwo copies
of thedual plane,onefor leftward directedlines andonefor right-
warddirectedlines,seeFigure6. Thetwo arrangemetsarecalled
A: and A,; they areidentical. The sweepis a pathfor a pointin
A1 and A>. Within onearrangemet) the point dual to the sweep
line cango from onefaceto an adjacen faceover a sharededge.
Any unbourdedfacein A; is connectedo an unboundedfacein
Az, namely the one on the oppasite side of the arrangemet. The
point dualto the sweepline canmaove betweerthesefaces which
correspond to the situationwherethe sweepline rotatespastthe
verticaldirection.

At thestartof the algorithm,we first rotate P slightly sothatno
two verticeshave the samez-coordinate.This makessurethatwe
do not have parallellinesin the dualarrangemets to be computed.
Eachwholedualarrangemet canbe computedwith standardech-
niguesin quadatic time, andwe canalsopredeterminevith every
facein how mary doublewedges it lies (Chapter8 in [2]). Faces
in morethantwo doublewedgesareforbidden Thenthe question
whetherP is sweepabléecomeshatof goingfrom thebottomface
of A, tothetopfaceof A; viaasequencef adjacenfaceshatare
not forbidden Answeringthis questionin the dual arrangerents
is easy;it simply is a depthfirst searchon the faces.The inducel
graphg hasO(n?) nodesandarcsandis planar This solvesthe
versionof sweepingwherethe sweepline is allowed to go back
over verticesin O(n?) timein total.

Next we considerthe versionof the problemwherethe sweep
line may not go backover ary point of P. It is possiblethat the
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Figure6: A simplepolygon andthe dualarrangenents.4; and.A2. Any valid sweepover the polygon (for example,the oneshavn by the

arravs 1, 2, 3) mustgo via facesof botharrangements.

sweepine needto go backover partof anedge but withoutgoing
backoveravertex of P again.Hence theproblemcannd besolved
ontheadjaceng graphg of thedualarrangementst; and.A; that
we usedbefore. We use a different, refined arrangenent where
going backwardsimplies crossinga line of the arrangemenagain.
Wetake all extensionf edgesatreflex verticesinside P, andplace
anextravertex wherethe extensionhits thebourdary of P.

Lemma5 Let P bea simplepolygon andlet P’ be P extended
with theverticesobtainedwhenedgesare extendedat all reflex ver
tices. If P’ allows a sweepwithoutgoing badk over vertices,then
P allowsa sweepwithoutgoingbad at all.

The algorithmis asfollows. We startby computingthe exten-
sions of all edgesat reflex verticesby preprocessingP for ray
shootingqueries[4]. This gives us the simple polygon P’ with
O(n) extraverticesontheedgesn O(n log n) time;let |P'| = m.
Next, we rotate P’ to make surethat no two verticesof P’ have
the samez-coordinate We dualizetheverticesof P’, constructhe
arrangemets A} and.A5 andtheforbiddenfacesin thesearrange-
mentsasbefore,andfind a pathfrom thelowestfaceto the highest
faceThenwe determineif thereis a pathfrom the lowestfacein
A} to thehighestfacein A} throughadjacenfacesin A} and.Aj
thatcrossesxactly m lines. If sucha pathexists,thenclearly the
correspoding motion of the sweepline doesnt go backover ver-
tices. Otherwise,no motion of the desiredtype exists. Finding a
shortestpathin a graphwith O(m?) nodesandarcstakes O(m?)
time because¢he graphis planar[3].

Theorem 6 Givena simplepolygan P with n vertices,in O(n?)
timewe candeterminewhethera sweepwith a line £ over P exists
sud that £ intersectsP in at mostone conrectedcomponeh The
sameboundholdsif, additiondly, the sweegine is not allowedto
go over any pointof P more thanonce
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