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Abstract

It hasbeenshowvn that onetriangulation of a setof points
canbecornvertedto ary othertrianguation of thesamesetof
pointsby asequeneof edgeflip opeations.In this papemwe
considera tesselatiorof a setof pointsconsistingof convex
cells,acorvex subdivisionandexplore thenotionof flipping
edgedrom onecorvex subdvision of the poirts to anotter,
wherebothsubdvisions usethe samenumter of edgeslt is
easyto constrict examples of acorvex subdvisionwhereno
singleedgecanbe flipped so that the corvexity of all cells
of the subdvisionis maintained At the CCCG in 20( Fer
ranHurtadoasledwhetherthereexistsa corvex subdvision
for which the size of the minimal simultaneas edgeflip is
linearwith respecto the nunber of edges.In the paperwe
constriet sucha subdvision.

1 Introduction

Given a triangulatio of a set of pointswe definean edge
flip operatim asreplacingonediagoral of a corvex qualri-
lateralwith the other The edgeflip opeationis the basis
of a simplealgorithmdevisedby Lawson[6] to corvert an
arbitray trianguation of a setof points to a Delaung trian-
gulation In the Lawsonalgoithm a diagoral is replacedf
it is the chordof a circle containirg the fourth point of the
convex quadilateral. This opeationcanberepeatedothat
evertually oneis left with atriangulationwhereall triangles
are circumscibed by emptycircles. Onerequisitefor this
algorithm to succeeds the factthat one canalwaysfind a
sequene of flips that transfoms an arbitrary trianguation
into a Delauray trianguation. Thisimpliesthatonecanflip
betweerary two triangulationsof a poirt set. A compeehen-
sive sunwey of algoithmsfor compuing Delaunayandother
trianguationscanbefoundin thebookby Sugihaa[8].
Hurtadg Noy, and Urrutia [5] corsider the questionof
how far aparttwo triangdations canbe, wherethe distance
betweenthem is the minimum numker of flips neededto
transfom oneto the other In their paperHurtadoet. al.
shav that©(n?) flips are sometimesiecessaryandalways
sufiicient. Subsequetly, Galtier et. al. [2] genealize the
notion of the edgeflip operdion by allowing simultaneos
edg€ilips. A simultaneosedgflip allowsflipping groypsof
edgesdn parallel,with the provision thatno two of theedges
canbe the sidesof the sametriande. Galtieret. al. then
considethedistancebetweera pairtriangulatios of a poirt

*Schoolof Computing, Queens University, Kingston,Ontario,Canada
henk, daver @s. queensu. ca

setasthe number of simultaneoas flips neeedto transfom
onetriangdation into the other Of coursein this measurex
simultaneusflip is countedasoneopeationindeendem of
thenumker of edgeshatgetflippedsimultaneosly. Galtier
et. al. shov that®(n) simultaneosflips aresometimesec-
essaryandalwayssufficientto getfrom onetriangulationto
anotter.

Let a convex subdivisionof a setof points P in the plane
be ary tesselatiorof the poirts into corvex cells. A con-
vex subdvision of a point setis anattractve alternatve to a
triangulation of a point set,becausédt usesfewer edgesand
requreslessstoragespace.A polynomialtime algoithm to
compte a minimum corvex subdvision, thatis, a corvex
subdvision using the fewest numkber of elemets, is given
for certainspecialcasesy Fevenset. al. [1]. In geneal, the
comgexity of computing a minimum corvex subdvision is
notknown. Extremal valuesfor thenumber of cellsin amin-
imal corvex subdvision of a setof points hasalong history.
A recentpaperby Neumann-Laa et. al [7] shavs that ev-
ery setof pointshasa minimal convex subdvision usingno
morethan(3n — 6)/2 cells.

Let A(P) beacorvex subdvisionof asetof pointsP. No-
ticethatif nothreepointsin P arecolinearandif arny pointof
P notonthecorvex hull of P hasdegreethreein A(P), then
A(P) is aminimal subdvision andgivenary line i through
apointp of P notonthecorvex hull of P, thereis anedgeof
A(P) incidentonp oneachsideof h. Alsoif A(P) isacon-
vex subdvision without threecolinearpoints,thenary point
of P notonthecorvex hull of P hasdegreeatleastthree.A
simultan@usedgflip of sizek in A(P) replaces: edgesof
A(P) with k new edges, suchthattheresultis againa corvex
subdvision. Notethatin this scenariove no longe require
thatthe flipped edgesbe indepadentin arny way. Givena
cornvex subdvision A(P) a minimal simultaneas edg flip
is a simultaneos edgeflip of A(P) of thesmallestsize. At
the CanadiarConferece on Computatimal Geomety held
in Halifaxin 20 FerranHurtad asledwhethertherewere
corvex subdvisions A(P) and B(P) suchthat A(P) codd
only be transfamedinto B(P) by using minimal simulta-
neots edgeflips of size®(n) [4]. In this paperwe answer
this questionin the affirmative by providing a corstruction
of a corvex subdvision with 3n points suchthata minimal
simultaneusedge flip usesn edges.

2 Construction

Lemmal For all n withn > 4, thereis a setof 3n points
for which there exista minimalsimultan@usedge flip of size
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n.

Proof. Considerthe following setof 3n points P, whichis
illustratedin Figurel with n = 12. Placen pointsat the
cornes of a reguar n-gon centeredat the origin with one
vertex at (z,y) = (1,0). Let Cy bethis setof n points and
numterthepointsby0,1,2,...,n — 1 in counte clockwise
directionstartingwith the poirt at (z,y) = (1,0). Draw a
reguar n-gon centeredat the origin, suchthat eachvertex
hasdistancer, to the origin, wherer; = cos(w/n) — &1
for somesufiiciently small positive value of £, with one
vertex at (z,y) = (cos(m/n)ry,sin(w/n)ry). Placen
points at its verticesand denotethis set of points by C;.
Numbe the pointsin C; by n,n + 1,n + 2,...,2n — 1,
in counter clockwise direction starting with the point at
(z,y) = (cos(w/n)ry,sin(w/n)ry). Constructa reguar n-
goncenteed at the origin, suchthateachpoirt hasdistance
ro to theorigin, where

1 cos &
2" n

ro = — €2

cosZ
for somesuficiently smallpositive valueof £ » with onever

tex at (z,y) = (r2,0). Placen pointsat its verticesand
dende this setof pointsby C's. Numberthepoirtsin C» by

2n,2n + 1,2n + 2,...,3n — 1 in counterclockwisedirec-
tion startingwith the pointat (z,y) = (r2,0). Thevalueof

€1 shouldbe smallenaigh suchthatonly point 1 lies abore

theline throudh points 0 andn. Thevalueof €2 shouldbe
smallenoudn suchthatonly points{0,1,n,n + 1,2n + 1}

lie above theline throwgh points 2n — 1 and2n.

We now corstructa convex deconpositionof P, called
Do(P). We first addthe edges (4,4 + 1 mod n) for 0 <
i < n aswell asedges(i,n + i) and(n + 4,7 + 1 mod n)
for 0 < i < n. Thenwe addedges(n + %,2n + i) and
(2n+1i,2n+ (i+1mod n)) for 0 < i < n. Sinceeachpoirnt
in Do (P) notontheconvex hull of P hasdegreethreeand
sincenothreepointsin P arecolinear Do(P) is a minimal
convex subdvisionof P. Thissubdvisionis shavnin Figure
1.

Notice thatwe canconstructanothe corvex subdvision,
calledD, (P), with thesamenumter of edgesas D (P), by
flipping the edgeshetweenC; and(Cs, i.e. the edges(n +
i,2n + 1) arereplacedy theedgeqn + 4, 2n + (i + 1 mod
n)). We will shawv that Dy (P) andD, (P) aretheonly two
convex subdvisionswith this nunberof edgesThatimplies
thatin orderto transfam Dy (P) into D, (P) we needto flip
all n edgesetweenC; andC, simultaneusly. Thatwould
prove thelemma

Assumewe wantto construt anarbitrary corvex subdvi-
sion Dy (P) with thesamenumber of edgesas D (P). First
notethat D, (P) mustcontainthe edgesof Dy (P) between
pointsin Co UC}. Obserethatatthis momentin D2 (P) the
pointsin Cy have degreefour, the points in C'; have degree
two andthe points in C; have degree zero. Sincethe points
in Cy have degree fourin Do (P) andsinceD,(P) is amini-
mal corvex subdvision, if follows thatall pointsin C; U Cs
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will haveto beof degreethreein D, (P). We saythatapoint
in Cy of degreefour anda pointin Cy U C> of degreethree
is full.

Supmse that in D»(P) thereis an edge (n,n + 1).
Considerthe line A throwgh 2n + 1 suchthat only points
{0,1,2,n,n+ 1} lie ononesideof h. Thepoint 2n + 1 has
to have anincidentedgeabore h. However all points above
thisline arealreadyfull. SoD,(P) hasnoedge(n,n+1) and
by thesameargumenthasnoedges(n+i, n+(i+1 mod n))
for0 <i < n.

Considera line h throudh 2n + 1 suchthat only points
{0,1,2,n,n+1} lie ononesideof h. Thepoint 2n+1 hasto
haveanincidert edgeabove h. Points0, 1, 2 arealreadyfull.
Soeitherthereis anedge(n, 2n+1) oranedge(n+1, 2n+1)
or both. Assumewe have edge(n + 1, 2n + 1). Consideithe
line h throghn+2 and2n + 2. Since2n+1 istheonly non
full poirt abovethisline visiblefrom 2n+2, D, (P) contains
theedge(2n + 1, 2n+ 2). Considettheline h through2n +1
and2n + 2. Sincen + 2 is theonly nonfull pointabore this
linevisiblefrom 2n+2, weneedo haveedge(n+2, 2n+2).
Continung this agument,we arrive at Do (P) = Dy (P).

If we startwith edge(n, 2n + 1) ratherthan(n + 1,2n +
1) we get Dy(P) = Dy(P). If we startwith both edges
(n,2n + 1) and(n + 1,2n + 1) theresultis nota minimal
cornvex subdvisionof P. SoDy(P) andD, (P) aretheonly
two minimal corvex subdvisions of P. d

3 Discussion

Onecanconstret a flip graphof triangudations of a set of
points P, wherenodesof the graphare trianguations and
two nodesareadjacentf thetriangulationsdiffer by a single
flip. In this scenariowe cansaythatthe graphof triangu
lationsfor P is conneted andit hasdiameterO(n?). For
the caseof corvex subdvisions, if we restrictoursehesto
constah size simultaneas flips a similarly constretedflip
graghmaynotbeconnectd. We have givenacorstructionof
a corvex subdvision thathasa minimal simultaneos edge
flip of size®(n). The corstructionyields only two distinct
convex subdvisionswith the samenumter of edges. Thus
for our exampe the diameterof theflip graphis a constant
if we allow minimal simultaneas flips of arbitrarysize. It
would be interestingto determire whetter thereis a set P
with a corvex subdvision thathasa large minimal simulta-
neots edgeflip size,andalsoresultsin aflip grapgh with large
diamete.

Hueme et. al [3] studya gragh of corvex subdvisions of
a corvex set. Whenthe pointsarein convex positionthen
onecanalwaysgo from a decompsitionto anothe usinga
singleflip. Huener et. al. shaw thattheflip graphobtainel
is Hamiltonian. They also conside a variart of this graph
whereedgesmayberemovedwithou replacenentor adde
without deletion andshaow thatit too is Hamiltorian. Thus
it would beinterestingto explore the combinatorial prope-
tiesof theflip grapls whenusingminima simultaneosedge
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Figurel: Minimal decanpositionof P.

flips of corvex subdvisions.
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