
16th Canadian Conference on Computational Geometry, 2004

Simplicia l Depth: An Impr oved Definition, Anal ys is, and Efficienc y for the
Finite Sample Case
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As proposedby Liu [8] thesimplicialdepthof apoint � with
respectto a dataset � in ��� is the fraction of closedsim-
plicesgiven by ����� of the datapointscontaining � . We
proposeanalternative definition for simplicial depthwhich
remainsvalid over a continuousprobability field andfixes
someproblemsin thefinite samplecase.
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A data depth measureshow deep(central) a given point�(')�*� is relative to + , a probability distribution in �,� or
relative to a givendatacloud. Datadepth providesanalter-
native analysisto classicalstaticsticbecauseno assumption
about the underlying distribution is needed, only the rela-
tive positions of thedatapoints. However, many datadepth
functionsarequiteexpensiveto compute,thusstudyof these
functions andrelatedalgorithms is essentialfor thesefunc-
tionsto becomemore usefulin statistics.

Most depthfunctions aredefinedwith respectto a prob-
ability distribution + , considering -/.1032/454627.�8"9 random ob-
servations from + . The sampleversion of the depthfunc-
tion is obtainedby replacing + by +:8 , theempirical distri-
bution of the sample -3.;032/454627.�8"9 . We mainly discussthe
finite sampleversionof simplicial depth[8], although some
referencesaremadeto thecontinuouscase.

To distinguish betweenthedepthof points -/.1<
9 from the
original dataset and the depth of any other point of �=� ,
pointsnot part of the dataset are referred to as positions.
Facet is usedto definethe facetsof a specificsimplex de-
fined by �>�?� datapoints. The facetssubdivide ��� into
regions.A cell is thesetof all positionsconnectedby apath
whichdoesnot intersecta facet.
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Severalpropertiesof depthfunctionswereintroducedby Liu
[8]. RecentlySerflingandZuo [9] formulateda generaldef-
inition of desirablepropertiesof depthfunctions, basedon
Liu’s work, andevaluatedseveraldepthfunctionsaccording
to theseproperties.Thedesirableproperties:
P1. Affine invariance: The depthof a point � shouldnotM
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depend on theunderlying coordinatesystem,or, in particu-
lar, on thescalesof theunderlyingmeasurements.
P2. Maximality at center: For a distribution having a
uniquelydefined center(e.g.apointof symmetry), thedepth
functionshouldattainmaximumvalueat thecenter.
P3. Monotonicity Relative to DeepestPoint: As a point� movesaway from the ‘deepestpoint’ (thepoint at which
the depthfunction attainsa maximum) alongany fixed ray
throughthecenter, thedepthat � shoulddecreasemonoton-
ically.
P4. Vanishing at Infinity : The depthof a point � should
approachzeroas P6P �QP5P approachesR .
For applications of datamining and classificationof large
datasets,consistency underdimensionschangewouldbean-
otherdesirableproperty. We propose:
P5. Invariance under dimensions change: The relative
depthof any two positions shouldnot dependon thedimen-
sionin which thedepthwascomputed.
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Introducedby Liu [8], Simplicial depthis robustandaffine
invariant.

Definition 1 Simplicial depth (Liu [8]): Givena probabil-
ity distribution + in ��� , thesimplicialdepthof � is theprob-
ability that � belongsto a random closedsimplex in ��� :_*`ba <5c"dfehg7� i�jlknm:do�J' _Ep .>0q2/4F4/47. �sr 0utfi
where

_Ep .>0$2F4F4/4
. �sr 0vt is a closedsimplex formedby �w�x�
randomobservations from + 1.

Definition 2 Simplicial depth for the sampleversion(Liu
[8]): Thesimplicialdepthof a point � with respectto a data
set �yjz-/. 0 2F4/4F4/27. 8 9 is thefractionof theclosedsimplices
formedby �>�{� points of � containing � , where I is the
indicator function:_*`ba <5c"d���g7�"i|j?} 8�sr 0u~$� 0����q�6��W�A� �Q�6�/�&�&�&� �Q�5�
� �v�G�

.
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Several problemsarisein thefinite samplecaseof simplicial
depthunderLiu’sdefinition. SerflingandZuofoundthatthe
function doesnot behave well in somefinite samplecases
(under thedesirableproperties)andmaybeunattractive for

1 ��� ���s�
�7�
�����s� �L� represents theconvex hull of the  ¢¡¤£ points.If the
point set � � �7�
�7�o� �v� � is not affinely independentthen ��� � � �
�
�u�o� �s� � �
is not a simplex in ¥ � but rather a convex object contained within a ¦ -flat
for ¦,§¨  .
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Figure 1: The Zuo-Serfling Counterexamples[9]: Coun-
terexample 1: For

_ 0©j -�ª,«�2/ª¬�^2uA2F�W2v«X9 with cen-
ter 0 in � 0 , _*`ba <5cKdG® 0/i�j ¯0�° and

_*`�a <6cKdo� 0/i�j ±0�° .
Violates P3.

_*`�²´³ � dT® 0�iµj ¯0
° and
_*`�²´³ � df� 0/i¶j·0
° . Consistent with P3. Counterexample 2: For_�¸ j¹-Xd�º»�^2vWi�2/d�ºw«#2u�i�2/d¼#2�º»�3is9 with center doA2u�i in � ¸ ,_*` a <6c dT® ¸ ixj 0
°¸ ° and

_*` a <5c df� ¸ i½j 0 ¸¸ ° . Violates P3._*` ²´³ � dT® ¸ iEj 0 ¸¸ ° and
_*` ²n³ � df� ¸ i,j¿¾¸ ° . Consistentwith

P3.
¸

someformsof statisticalanalysis. Our reviseddefinitionre-
movessomeof theirconcernsandalleviatesotherproblems.
Section2.1will describehow thereviseddefinitionalleviates
theseproblems.

Maximality and Monotonicity: The Simplicial Depth
function is a statisticaldepth function, in the senseof Ser-
fling and Zuo’s definition [9], for a continuous angularly
symmetricdistribution. Zuo and Serfling show, however,
that the simplicial depthfunction for the finite samplecase
fails to satisfy the maximality (P2) andmonotonicity (P3)
propertiesusingseveral counterexamples, two of thempre-
sentedin a slightly modifiedform in Figure1. The revised
definition, asdescribed below resolvesthe problemsraised
by thesecounterexamples.Nonetheless,asshown in Section
3, the maximality andmonotonicity propertiesstill do not
hold.

Positionson Facets: Depthof positionson facetscauses
discontinuities in the depthfunction. The depth of all po-
sitions on the boundaryof a cell is at leastthe depthof a
positionon its interior. In mostcasesthedepthvaluesonthe
boundariesarehigher thanthedepthin eachof theadjacent
cells(e.g.Figure3(a)).

S À´D^Á % � D � CEDWÂ�� % ��%&� �
Definition 3 Revised Simplicial Depth: Givena data set�½j?-/. 0 2F4/4F4/27. 8 9 in �*� , thesimplicial depthof a point �
is theaverage of thefractionof closedsimplicescontaining� andthefractionof opensimplicescontaining � :_*` ²´³ � df�,g7� i�j 0¸ } 8�sr 07~ � 0,Ã � �q�5�^�W�A� � � �/�&�&�&� � �6�
� � �G�

� �q�5�^� <68$Ä �6�A� �´�B�3�&�&�&� �Q�5�
� �u�G�f��Å
where int refers to the open relative interior3 of_:p . < � 2F4F4/4�27. < �
� � t . Equivalently, this canbeformulatedas:_*`b²´³ � df�,g7� iwjÇÆ"df�,27� iÈ� 0¸WÉ df�,27� i , where Æ"df�,27� i is the

2ZuoandSerflingdividethenumberof simplicesenclosingaquerypoint
by Ê�Ë , while we use ÌBÍ Ë�Î . Counterexample 3 compares the depth of de-
generate,multiple points andis not describedherebecausedatapoints are
currently only partially treatedunderthereviseddefinition(Section 3).

3SeeEdelsbrunner [5], page401.

numberofwhichcontain � in theiropeninterior, and É d��,2u�"i
is thenumber of simpliceswhichcontain � in their boundary.
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For continuousdistributionsandfor positions lying in thein-
teriorof cells,thereviseddefinitionreducesto Liu’soriginal
definition. Significantly, the revised definition correctsir-
regularity atboundariesof simplices(Section1.3andFigure
3(a)), assigningthedepth of apointontheboundarybetween
two cellstheaverageof thedepthof thecells(Proposition2).
TheZuo-Serfling counterexamples[9] arealsoall solvedby
thereviseddefinition(seeFigure1).

Lemma 1 Thesimplicial depthof any two positions in the
samecell is equal 4.

Proposition 2 Thesimplicial depthof a positionon a facet
betweentwo cells is equal to the average of the depths of
a position in the two adjacent cells, assumingthat only �
points lie on thehyperplanedefinedby thefacet. 4

Corollary 3 For a data set �¶jÑ-/.Ò032F4/4F47.�8"9 in general
position, themedianvalueis attainedin theinterior of a cell
or at a datapoint. 4

Proposition 4 Thedepthof the positionat the intersection
betweentwo or more facetsis equal to the average of the
depths of two opposite cells 5 of the intersectionpoint, as-
sumingonly � points lie on any hyperplane defined by the
facets.4

Proposition 5 For a dataset �zjÓ-/. 0 2/4F4/4�27. 8 9 in �*� , in
general position,theorderingof datapoints by their simpli-
cial depthdueto Liu’sdefinition is unchangedbytherevised
definition. 4
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Considerthecasewhereadataset�ÈØwjÙ-3. 0 2F4F4/4F2u. 8 9 ( Ú1ÛÜ
) consistingof a setof collinearpoints is analyzedas an� ¸ dataset insteadof asan � 0 dataset. Assumew.l.o.g.

that theseÚ points lie on thex-axis (seeFigure2(a)). Table
1 comparesthe depthassignedby Liu’s definition and by
thereviseddefinition for � and � ¸ , where Ý representsthe
numberof datapointswhich lie to theleft of thepositionor
datapoint underconsideration.

In � ¸ , for adegeneratesimplex Þ»ß ` , with ß betweenÞ
and

`
(seeFigure2(b)), thereviseddefinitionassumesthat

thepoint ß anda position à , betweenÞ and ß , lie within
the open(degenerate)simplex Þ»ß ` . Both points Þ and

4For proofssee[3]
5Two cells whoseboundariesboth contain a position á lying on the in-

tersection of two or morehyperplanesinducedby thedatasetareopposite
cells if and only if the two cells lie on opposite sidesof every facet that
contains á . It canbeshown thatat eachintersection,every cell hasaunique
opposite.
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DataPoints Dimension Definition

} 8 ¸ ~� 0 doÝâdoÚhªâÝÓªy�3i��ldfÚãªy�3i7i � Liu} 8 ¸ ~ � 0 }oÝ[dfÚhªâÝäªy�3i�� 0¸ doÚ¤ªy�3i ~ � RevisedDefinition} 8 å ~ � 0 } doÚhªâÝÓªy�3i }¼æ ¸ ~ �çÝ } 8 � æ � 0¸ ~ � } 8 � 0¸ ~3~ � ¸ Liu} 8 å ~ � 0 } dfÚãª1Ýäªè�qi } æ ¸ ~ �éÝ } 8 � æ � 0¸ ~ �êÝâdoÚ¤ªâÝÓªy�3i¢� 0¸ }q} æ ¸ ~ � } 8 � æ � 0¸ ~3~/~ � ¸ RevisedDefinition

Position Dimension Definition

} 8 ¸ ~ � 0 doÝâdoÚãª1Ý;i7i � BothDefinitions} 8 å ~ � 0 } doÚãª1Ý;i } æ ¸ ~ �éÝ } 8 � æ¸ ~3~ � ¸ BothDefinitions

Table1: Depthof datapointsandpositionsfor set � Ø
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(a−2) − Data point

(a−1) − Position

m+1m xx1 2xx
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Figure2: Dataset
_ Ø

`
achieve a depthof �që« asverticesof the simplex. Liu’s

definitionassignsa depthof 1 to all points andpositionson
theinterval

p Þ>2 ` t .
For bothdefinitions,the ratio of the depths of a position

when �´Ø is analyzedfirst asan � 0 datasetandsecondasan� ¸ datasetis
¸å
. Thesameratio for pointsratherthanposi-

tionsby Liu’sdefinition is not identicalto
¸å
. As desired,the

ratio for datapoints under thereviseddefinitionis uniformly¸å
, resultingin a scalingbetweenthedepths whenanalyzed

by the � 0 and � ¸ . This property is desirable asdiscussed
in Section1, (P5). Althoughit holdsfor � ¸ ë$� 0 , additional
work is neededtogeneralizethisfor higherdimensions(Sec-
tion 3).
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Thereviseddefinitionmaintains the time complexity in ex-
istingalgorithms,aftercertainmodifications.

ð Existing ñwdoÚ×ò6ó^ô�Ú¢i lower bound algorithms for com-
puting the simplicial depthof a point or a position �
relative to

_
in � ¸ . [6, 1]

ð ChengandOuyang’s õbdoÚ ¸ i algorithm [4] for comput-
ing thesimplicialdepthof � relativeto

_
(basedon[6]).

ð Computing thedepthof all Ú datapointsin � ¸ in õbdoÚ ¸ i
usingtheduality transform [6, 7].
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B
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D
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A
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Figure3: (a) Discontinuities in Simplicial depth at positions
on facets:Position à , in anoutercell, hasdepth

_*` doà�i�jö¸ ° ; position Þ , in a neighboring cell, hasdepth
_*` d¼Þ»i=j¯¸ ° . However, position ß on theboundarybetweenthe two

cells hasdepth
_*`¨a <5c"d¼ß¬i÷j ±¸ ° , greater thanthe depthofà and Þ . (b) A problem with the reviseddefinition. Data

points A, B, andC all have depth
·uø ±0v0 ¸ ° , anddatapoint D, at

thecenterof thedataset,hasdepth
å ·u·0u0 ¸ ° . For clarity not all

cellsaredrawn.

ð Aloupis et al. [2] algorithm for computing thesimpli-
cial median6 in � ¸ in õbdoÚ ö i .

� ùïIKDX�â� ���K�AH D V¨�
Maximality and Monotonicity Althoughthereviseddefini-
tion fixesmany of theexamples presentedby Zuo andSer-
fling [9], it doesnotachieveall desiredpropertiesin thesam-
ple case.Figure3(b) shows an example wherethe dataset
hasa unique center,

`
, but it neitherattainsmaximality at

thecenternordoesit havemonotonicity relativeto thedeep-
estpoint (propertiesP2,P3).
Data Points: The reviseddefinition doesnot solve all the
problemsin sampledatasets.For instance,eachedgeis in-
herently partof ÚJªÐ« simpliceswhile eachpoint is partof} 8 � 0¸ ~ simplices.A simplescalingdoesnot take careof this
problem asthe depthof a point shouldbe at leastthe min-
imum depth of all adjacentcells, which is not guaranteed
simplyby scaling.Thus thedepthof a pointshouldalsode-
pendon thegeometryof thedataset.

6Thesimplicial medianis thepoint with thehighest simplicial depth.
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Higherú Dimensions: For invariance under dimensions
change(P5),thedepthof apositionin ��û whencomparedto�*�¬d¼ü�ýy��i shouldberelatedbyamultiplebasedonthenum-
ber of ü -dimensionalsimplicesof which a � -dimensional
simplex is a facet.

þ U !AVhV¨	^��ÿ
We presenta modification to the definition of simplicial
depth, that solvessomeof the problemsraisedin the past.
We arecurrently investigatinghow to copewith thecompu-
tationof thedepthof datapointsin high dimensions,while
maintaining thedesirable properties,asdescribedin Section
3. In addition we areworking on approximationalgorithms
basedonthelocalpropertiesof thedepthfunction,to enable
efficientapproximation for highdimensionaldata.

In [3] we presenta connectionbetweensimplicial depth
and halfspace depth. We believe that this relation can be
furtherutilizedto studythepropertiesof thetwo depthfunc-
tionsandfurther improvealgorithms’ complexity.

À´D Ï D � D�� � D �
[1] G. Aloupis, C. Cortes,F. Gomez,M. Soss,andG. Tou-

ssaint. Lower bounds for computing statisticaldepth.
Computational Statistics& Data Analysis, 40(2):223–
229,2002.

[2] G. Aloupis, S. Langerman, M. Soss, and G. Tous-
saint. Algorithms for bivariatemediansanda Fermat-
Torricelli problem for lines. In Proc. 13th Canadian
Conf. onComp.Geo., pages21–24, 2001.

[3] M. Burr, E. Rafalin, and D. L. Souvaine. Simplicial
depth:An improveddefinition, analysis,andefficiency
for the samplecase. Technical report 2003-28, DI-
MACS,2003.

[4] A. Y. ChengandM. Ouyang. On algorithms for sim-
plicial depth. In Proc. 13th Canadian Conferenceon
Computational Geometry, pages53–56,2001.

[5] H. Edelsbrunner. Algorithms in combinatorial geome-
try, volume10 of EATCSMonographs on Theoretical
ComputerScience. Springer-Verlag,Berlin, 1987.

[6] J. Gil, W. Steiger, andA. Wigderson. Geometricmedi-
ans.DiscreteMath., 108(1-3):37–51,1992. Topological,
algebraical andcombinatorialstructures.Froĺık’smemo-
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