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On Corners of Objects Built from Parallelepiped Bricks

Mirela Damiarf

Abstract

Weinvestigateaquestioninitiatedin thework of Sibley andWagon,
who provedthat3 colorssufice to color ary collectionof 2D par

allelogramgyluededge-to-ede. Their proofreliedontheexistence
of an“elbow” parallelogram.We explore the existenceof analo-
gous‘“corner” parallelepipedsn 3D objects,which would leadto

4-coloring. Our resultsarethreefold. First, we refinethe 2D proof

to renderinformationon thenumberandlocationof the 2D elbows.

Secondwe extendthe 2D resultsto 3D for objectssatisfyingtwo

properties. Third, we exhibit a genws-0 object(a topologcal ball)

thatsatisfiesonebut not both of our propertiesandfails the 3D ex-

tensiontheoremgstablishinghatthistheoremis, in asensetight.

1 Introduction

Sibley and Wagon [SWO0( proved that ary collection of
parallelgramsglued whole-edgeto whole-edgemusthave
at leastone elbow: a parallelgram with two edgesinci-
dentto one of its verticesexposed in the sensethat nei-
ther is glued to anotherparallelogam. Elbows have at
most two neighbors, which enabledthem to prove that
suchtilings are 3-colorable. The analogais questionin 3D
is [Wag02 DOO03H: Must every object built from paral-
lelepiped (hencéorth, bricks) have at leastone corner, a
brick with threefacesncidentto oneof its vertices gxposed?
The bricks mustbe properly joined: eachpair is eitherdis-
joint, or intersectseitherin a single poirt, a single whole
edgeof eachor a singlewholefaceof each.

Justasin 2D, the existenceof cornerbrickswould leadto
4-colorability of the“brick graph’

But RobertsonSchweitzerandWagon[RSWO0J found a
polyhedronwith no correr. Theirexanple,a“buttresseabc-
tahedon;” hasgents 13. Sincethen,therehave beentwo de-
velopmentsconcening corrersof 3D brick objects.First, it
wasshavnin [GO03 thattwo classe®f suchobjectsalways
have corrers:the zoroheda, andobjectsbuilt from orthogp-
nalbricks,i.e.,rectangllarboxes. Zonchedraareaparticular
classof genush objects.Secondwe found a gents-3 object
with nocorrers|DO03a], andconjeduredthatevery gerus0
objectbuilt from brickshasa correr.

In this paperwe refinethe 2D resultsandshawv thatthey
fail to exterd to topdogical balls in 3D. We deviate from
a conentrationon genusand insteadposit two propeties
(calleds and I/E) suchthat, if an objectpossessethese
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propertiesthenit musthave cornes. Finally, we prove that
topdogical balls have thefirst property (S), but not the sec-
ond(l / E).

2 An Object with No Corners: The ZZ-Object

Thegenus3 examge from [DO03g senesasa counteex-
ampleto mary hypothesesandwill beimportantto illustrate
our definitiors. The overall designis shovn in Fig. 1a. It
consistof two Z-shapedathsconnectilg four cubes.Each
of thelong conrectorshasno cornerwhensplit lengthwise
into four bricks. Similarly, the four cubeshave no corrers
whensplit into eightcukes. However, asis evidentfrom (a),
it is self-intersecting The self-intersectiorcanbe removed

Figurel: (a) A self-intersectig objed with nocornes (after
refinenent) (b) A genus3 nonself-intesectingobjectbuilt
from 14 bricks with no cornes (afterrefinemat).

by zig-zayging oneof the Zs. Theresultingobjectis shavn
in Fig. 1b.

3 2D Brick Objects Revisited

Sibley andWagon[SWO0( provedthatevery 2D objectbuilt
from parallelogamshasanelbaw. In this sectionwe refine
theirtheorembothquantitatvely andqualitatively. First, we
needsomedefinitiors.

A pseudoline L[e] is alongestsequeneof adjacenbricks,
all of whosesharededgesareparallelto e; it hastwo “sides”
of edges,the top and bottom. A collapse of a pseuddéine
Lle] is a chainof edgesobtaired by shrinkingall the edges
of L[e] parallelto e to lengthzero. A monotone chord is a
bowndaryto-baunday chainof edgesthatis strictly mona
tonewith respecto somedirection Intuitively, amondone
chod z is theresultof collapsinga pseudline Lie].

A pathof bricks crosses a pseudline L if it contairs a
brick of L. A pseudolie L is separating (S) if thereis no
pathof bricks conrectinga point on its top to a point onits
bottam, without crossing L; L is calledinterior (I ) if nore
of its sideedges areexposed;exterior (E) if all of its edgego
onesideareexposedandl / Eif eitherl or E. Finally, L is
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anSl / E-pseudolire, if it is bothS andl / E. Similar defini-
tionshold for morotonechads. Fig. 2ashavs examges of
mondonechods andpseudtines thatareinterior, exterior,
andseparatig.

(b)

Figure2: (a) L1[e1] andits collapsek; areinteriorandnon-
separating Lo [e2] is interior andseparating Ls[es] andits
collapseks areexterior (b) A 2D objectwith threeelbows.

An objectO is SI/E-collapsible if it is eitherempty or
contairs onepseudaline L thatsatisfiesproperty SI/E, and
acollapseof L redwcesO to anSI/E-collapsible object.

3.1 Refinement of the Sibley-Wagon Theorem

We will distinguishbetweeranelbow parallelogam,andan
elbow vertex, the vertex of the elbav with incidentexposed
edges.Thefirst extensionof Sibley-Wagm is quantitative:

Lemma 1l Every 2D object built from parallelograms has at
least three elbow vertices.

Proof. Any objectO built from pardlelogramshasanouter
bourdary P thatis a simple polygon. The edges of P are
all edgesof parallelgramsthatareon the extetior face(the
unbaindel componer of R? \ O). Notethat P is a simple
polygon regardlessof thegents of O.

Orient the boundary of P counterclockvise, and define
theturn angle r; atavertex v; of P to betheangleneea@dto
turnv; — v;_1 t0 w41 — vy 75 IS T minus theinterral ande
atv;.

Let theparallelogamcontriluting edgee; = (v, vi11) to
P have anglesa; atv; andson — a; atwv;4+1. If O hasno
cornes, thenevery vertex of P musthave at leasttwo inci-
dentparallelogamsof O; for justoneincidentparallelogam
wouldbeacorrer. Sor; =7 — [a; + (7 — aj—1) + Bi] =
a;—1 — a; — [B;, whereg; > 0 is the angularcontrikution
of otherparallelgramsincidentto v;. We know thatfor ary
simplepolygon, ). 7; = 2. In forming this sumvia theex-
pressiorin termsof thea;’s, it is clearthatthe parallelogam
sharinge; hasanetzerocontibution, becaseits termsin 7;
andin ;41 cancelout. Thus eachpardlelogramsharingan
edgeof P cortributes0 to theturn anglesum.We thushave
> Ti = — »_; Bi <0. Thiscontrdictsthefactthatthesum
mustequda 27, contradcting our assumptia that thereare
no elbows.

We have now reproved the Sibley-Wagontheorem. But
we have more for eachelbav vertex can contrilute only
strictly lessthan to the turn angle(e.g, a sharpparallel-
ogramvertex with neaty 0 internalangle). So, for 3. 7;
to reach2z, we needat leastthreeelbow vertices. If these

threeelbow verticesare verticesof distinct elbows, we are
finished.Only a oneparallelogam objectcanhave threeel-
bow verticeson one elbav, and herethe lemmais clearly
true. So assumehereis an elbav with two elbow vertices
on P. Thentogetherthosetwo verticescontritute exactly «
to the turn, still leaving a gapto reach2x. Sothe claim of
thelemmais established. O

Thatthisresultis bestpossibles establishedby Fig. 2b. The
secondxtersionof Sibley-Wagonis qualitative, yieldingin-

formationabaut wherethe elbaws are: oneto eachside of

evety mondonechord. We canprove this usingturn angles,
without otherassumptias. We choase insteadto prove a
wealer versionwhich exterdsalmostdirectly to 3D.

Lemma 2 A collapse of a pseudoline is a monotone chord.

Lemma 3 A monotone chord can cross a pseudoline at most
once.

Lemma4 If O' is an object obtained by collapsing a pseu-
doline in O, then a monotone chord & in O reduces to a
monotone chord k' in O'.

Theorem 5 For any SI/E-collapsible object O and any
SI/E-monotone chord z of O, there is an elbow vertex
strictly to each nonempty side of 2.

Proof. Theprod is by induction onthe numker of pseude
lines. The basecaseis anobjectwith onepseudolie L. By
Lem. 3, amorotonechod z maycrossL at mostonce.This
implies thata norempty side of z will cortain at leastone
of the two endbricks of L, eachof which hastwo elbow
vettices,at mostoneof whichmaybeon z.

Theinductive hypothesiss thatthetheoren holds for any
SI/E-objed with N or fewer pseudolies. To prove thein-
ductive step,we consideran arbitrary SI/E-objectO with
N + 1 pseudlines,andreestablistihe inductive hypothesis
for O.

Pick a SI/E-psewoline L whosecollapseredu@s O to
SI/E-collapsible objectO’. NotethatO' may self-intersect
geonetrically, but we areonly concenedwith thecombira-
torial structureandthe parallelismof edgespglobalintersec-
tionsareirrelevant for our property. (Alternaively, onecan
view bricks on eithersideof L to betopdogically exterded
through L.) By Lem. 2, L redwesto amonotmecho & in
0', asillustratedin Fig. 3.

OEL\%E E§ o %k% E]
@) (b)

Figure3: (a) L is aSI/E-pseudtine (b) Thecollapsek of L
isamondonechord

Let z beanarbitrarySI/E-mondonechod in O andlet
O+ andO~ bethepiecesof O separatedy z. By Lem. 4,
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themonotmechordz redwcesto amorotonechod z' in O'.
LetO'*+ andO'~ bethepiecesto whichO+ andO~ reduce
in 0.

Next we focuson Ot andshaw thatif norempty it con-
tainsanelbow vertex v noton z. Theinductive hypothesis
appliedto O’ tells usthatO't hasanelbow vertex v noton
z. If thiswv is awayfrom thecollapsejt canseneto establish
the claim; but if it is involved in the collapse further argu-
mentis needed We now considertwo casesdeperling on
whetherL is interior or exterior. We only detailthefirst case
in this abstract.

(b)

Figure4: (a) L is interior, z is a Sl / E-monotonechord(b)
Elbowsin O’ areelbawsin O.

If L isinterior, thenk is interior, with noneof its vertices
exposed. Referto Fig. 4. This impliesthatv is noton k;
conseqeantly, v isnoton L. Thenvt = v is exposedn O;
this alongwith the factthatv doesnottouchz settlesthis
case. O

4 Extensions of Results to 3D

Theresultof Thm.5 exterdsto 3D SI/E-collapsible objects.
Firstwe needsomedefinitiors.

A pseudoplane Z[e] is a collection of bricks, all with
edgesparallelto e, definal recusively asfollows: (1) Ev-
ery brick thatshares: is in Z[e] (2) If bisin Z[e] ande’ an
edgeof b pardlel to e, thenevely brick thatsharese’ is in
Z[e]. Notethatthe cornealessZZ object(Fig. 1) is in fact
asinglepseudplaneZ[e]. Although a pseudofaneis con-
nectedjts interior maynotbeconneted,i.e., therecouldbe
“pinchings” at edgeto-edg contactsbetweenbricks. The
top andbottom of Z[e] aredefinedin the obviousway: the
collectionof all facesof bricksof Z[e] thathave noedgepar
allelto e, andareincidentto thetop or bottan endmint of e,
respectiely.

A collapse of apseudplaneZ|[e] is a sheebf facesz ob-
tainedby shrinking all edgesin Z[e] parallelto e to zero
length. A monotone sheet z is, intuitively, theresultof col-
lapsinga pseudgplane Z[e]. The top and the bottom of a
pseudplanearebothmondonesheets.

We definea pseudplane Z to be separating (S), inte-
rior (1), exterior (E), | / E, SI/ E, exactly analgously to
the 2D definitiors for pseudolies. Similarly, a 3D objectO
is Sl / E-collapsible justasin 2D.

Thm. 6 is a directextensionof Thm. 5, andits prooffol-
lowsthe2D prod closely:

Theorem 6 For any monotone sheet s of a SI/E-collapsible
object, thereisa corner vertex strictly to each nonempty side
of s.
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Corollary 7 Any SI/E-collapsible object has at |least three
corners.

5 Topological Balls

In this sectionwe focusontopolagical ballsbuilt from bricks
andshaw thatthey satisfypropety S, but notproperty I/E.

Lemma 8 Any pseudoplane of a topological ball O is sepa-
rating and O is S-collapsible.

Lemma9 Topological ballsare not I/E-collapsible.

This last claim is establishedby the exanple in Fig. 5,
which shavs a topolagical ball O compeedof a pseude
planeZ = Zle], with e a vertical edge,and a symmetric
correrlesspieceO thatliesontopof Z (O = Z U O).
Fig. 6 shawvs top andbottan views of O. O is compesedof

Figure5: Sideview of atopologcal ball O with no corrers
ononesideof thepseudplaneZ = Z[e].
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Figure6: Top (left) andbottom(right) of the objectO from
Fig. 5.

four identicalsmallerpiecesgluedtogetherwith onepiece
@ asillustratedin Fig. 7b. Eachpiece() is compasedof four
mutually adjacen bricks, with Z adjacento threeof them
(seeFig. 7a).

ThisobjectO shavsthatthe2D resultof Thm.5 doesnot
exterd to 3D. Indeedwe can shav that the 3D extension
Thm. 6, is bestpossiblein the following sense. O satis-
fies property S by Lem. 8, but it is not | / E-collagsible, in
that, after collapseof Z, the remainirg objectO+ doesnot
satisfypropertyl / E. Fig. 8adelineats anarbitray pseude
planeA(a) of O, whosecollapseinducesanew correr v not
presenin O. It is just this situationthat blocks the prod
techriqueemplo/edin Thms.5 and6.
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Figure 7: (a) Three mutwally adjacentoricks sharecorvex
vertex u (b) Four mutually adjacenbricksshareu andsit on
top of thepseudplaneZ|e].

Figure8: A pseudplaneA(a) of O whosecollapseinduces
anew correru.

6 Conclusions

We have shawvn that there exist topolagical balls with no
cornes to one side of a pseudplane, unlike the analo-
goussituationin 2D. We identified a classof 3D objects,
which we called SI/E-collapsible, that do have cornes
on eachside of ary pseudplane, and shaved the result
tight in somesense. This provesthe existen@ of cornes,
and therefae 4-colorability, for 1/ E-cdlapsible topolayi-
cal balls. (All objectsbuilt from bricks areknown to be 5-
colorable [RSW03 [GOO03).

Although it is temptingto glue several copiesof the ob-
jectfrom Fig. 5 togeherto build a cornetessball, we have
not beenableto completethis constriction. Thus the main
questiorraisedin [RSW0J—whethereveryball hasatleast
onecorrer—remainsopen
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