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Weaddresstheproblemof computingthefitting line of aset
of circlesin theLaguerremetric,thatminimizes thedistance
to thefarthestcircle. To solve thefitting line problemwe in-
troducea generalizationof theconcept of thewidth of a set
of pointsusingtheLaguerre metric. We alsopresentanef-
ficientalgorithmfor findingthefitting line of a setof circles
using minimization diagrams with running time ������������� ,
for any ��� � .! "$# �%	'&)(+*,�-�%./& #
The Laguerre geometry is a geometry of the oriented
spheres,originatedfrom thespaceof generalizedspheres[5,
Section20.6.4, p. 137]. In the Laguerre geometry, circles
andlinesareoriented: two circleshaveatmosttwo common
tangents. The classicalproblemsin the Laguerre geometry
that have beenstudiedin computationalgeometryare (see
[7]): the point inclusion in a union of circles, finding the
connectedcomponentsof a set of circles, and finding the
contour of the union of circles. Theseproblems have been
successfullyhandled by usingtheLaguerre diagram, that is
the generalization of the Voronoi diagramto the Laguerre
geometry (see[7]).

In this paper, we presentanalgorithm for thedetermina-
tion of thefitting line of a setof circlesin theLaguerre met-
ric, that minimizesthe distanceto the farthestcircle. The
definitionof thefitting line in theLaguerre geometrydiffers
from thedefinitionin theEuclidean geometry in thefollow-
ing way: the distancethat is beingminimizedis the maxi-
mumLaguerredistancefrom theprojection of acirclecentre
on the axis to the circle. The Laguerre metric betweena
pointandacircle is thesquarerootof thepowerof thepoint
relatively to thecircle. Theconcept of power, is intrinsically
connectedto theinversivegeometry, andto thespaceof gen-
eralizedspheres(see[4, Section10.7.10 p. 175]. While in
theEuclideangeometry, thereexistsa relationshipbetween
the width of a setof points and their convex hull, we will
seethat this relationshipneedssomecarein thecaseof the
Laguerre geometry. Fromthis problem of thefitting line in
theLaguerre geometry, we introducea generalizationof the
concept of the minimal width of a setof points in the La-
guerremetric. In orderto introduceourgeneralization of the0
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width in theLaguerre geometry, we will explore all thepos-
siblegeneralization alternatives,andseewhichonerelatesto
theproblemof thefitting line.

Thewidth of a setof circleshasa practical application in
robotics: the lengthof the arm of a robot that would pick
circularobjectsalonga lineartrajectory.2 3 	54768.:9;. # 
<	=. 4<�
Let >?� be the Euclidean plane by >�� and let >A@ be
the threedimensional vector spacewherethe distancebe-
tween two points �CBED-FHG
DIF�J-DK� and ��B � F=G � FHJ � � is defined

by
L ��B)D�MNB � � �PO �CG
DQMRG � � � MS�CJ�DPMRJ � � � provided that��B D MRB � � � O ��G D MNG � � �UT �VJ D MRJ � � � . In the Laguerre

geometry, a point WX��BYF=G)FHJ7� in >Q@ is mapped to a directed
circle Z in theEuclideanplane >Q� with thecentre ��BYF=G,� , ra-
dius [ J)[ , anddirection corresponding to the sign of J . Let\^] >?@`_ba denote this map \ �8W)�dceZ . TheLaguerre dis-
tancebetweentwo points of > @ correspondsto thelengthof
thecommontangent (definedby therespectivedirections)of
thecorrespondingtwo circles.TheLaguerredistancefrom a
point anda circle whoseinterior doesnot contain thatpoint
is the squareroot of the power of the point with respectto
thecircle. Let f bea point of >Q� . Let gh�ji+F=k�� denote the
circle with centre i andthe radius k . Its equation is given
by gl�CB+�mcn� where gl�CB+�mcnop�jiqFHB+� � Mrk-� (see[6]). The
power of thepoint f with respectto thecircle g is defined
as[6]: gl�Cfl�scUop�Ci+FHfl� � Mtk-� . If gh�Cf`�ucU� , thepoint f
is on gl�ViqFHk�� , if gl�Cfl�wve� , thepoint f is inside gh�Ci+F=k�� ,
if gl��f`�t�x� , f is outside gh�jiqFHk�� . If we take any liney

passingthrough f and intersectinggl�Ci+FHk-� , at the inter-
sectionpoints z and z|{ , we have the following property [6]:M _fhzP} M�_fhz�{sc~gh�Cf`� . Now considertwo circles gl�Ci+F=k�� andg { �ji { FHk { � . Thelocusof pointswhosepower with respecttogh�Ci+F=k�� equalstheirpowerwith respectto gu{<�Vi
{jFHkI{$� is called
theradicalaxisor chordale of gl�Ci+F=k�� and gp{<�ji
{VF=k-{$� . This
locusis definedif, andonly if i��c�i){ (seeBerger [4, Sec-
tion 10.7.10.1, p. 175]). In thecasewhereit is defined,its

equation is: g;�CB+�wc�g�{���B)� , andit is orthogonal to
M$_i
i7{ [4,

Section10.7.10.1,p. 175].
TheLaguerre geometry in >u@ is actuallya generalization

of Euclidean geometry in >�� ( J�c�� ). In this paperwe gen-
eralizethenotionof the(Euclidean)width of a setof points
andintroducea new notionof Laguerre width. Therearea
few equivalent definitions of the Euclideanwidth [3]. One
definition of thewidth of a set ����>�� is theminimumdis-
tancebetweentwo parallel supporting lines. Onepossible
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Figure1: a)Euclideanwidth. b,c)Laguerrefitting line.

way to defineLaguerre width of a set ����>u@ is to take the
minimum distancebetweentwo parallelsupportinglinesof a
setof circles \ �V��� . It doesnot leadto a new notionbecause
it correspondsto theEuclideanwidth of theunionof circles\ �C�w� .

Another definition of the Euclideanwidth can be ex-
pressedin termsof thefitting line in theplane.For a set �
andaline

y
thefitting distance �+�5z%� y � is definedasthelargest

distancefrom a point of � to its nearestpoint on
y
. Thefit-

ting line for a set ���U>�� is definedasa line
y

minimizing
fitting distance.Thewidth of � is thedouble of fitting dis-
tance,seeFig 1. This appliesto theEuclideancaseaswell
asto theLaguerre case:

Definition 1 We definethe Laguerre fit distancebetweena
circle Z in >A� anda line

y
astheLaguerre distancebetween

thepoint on
y

closestto thecentre of Z and Z . We define the
Laguerre fitting distancebetweena set � of directedcircles
in >?� anda line

y
as the largestLaguerre fit distancefrom

a circle Zt��� and
y
. TheLaguerre fitting line is defined

as a line minimizing the Laguerre fitting distance. In >s@
the Laguerre fitting line of a setof points ����> @ can be
viewedasa line

y
in theplane J�c�� minimizingthelargest

Laguerre distancefrom a point of � to its nearestpoint on
the line

y
. TheLaguerre width of a set � is the double of

Laguerrefitting distance between� andtheLaguerrefitting
line, seeFig 1.

The directionof the Euclidean fitting line of � points is
definedby a pair of points, seeFig. 1 a). It is not longer
valid for theLaguerrefitting line. Thefollowing lemmaes-
tablishestheanalogousproperty for thedefinition of theLa-
guerre fitting line.

Lemma 2 TheLaguerrefitting line
y
of � circlesin theplane

is definedby either3 or 2 circlesat largestdistancefrom
y
.

In bothcasesthefitting line is equidistant fromthesecircles
in Laguerregeometry. TheLaguerre fitting line definedby 2
circlescorresponds to thechordaleof thesetwo circles.

�
�

Figure2: Rotationof
y
around � in clockwiseorder.

Proof. Thecasesof 2 and3 circlesareillustratedin Fig. 1
b,c). Let

y
betheLaguerre fitting line of � circles. If all cir-

clesat thelargestdistance� from
y

areon thesamesideofy
then � canbe improved by translatingthe line

y
towards

thesecircles. By rotating the line
y

we canalsoreducethe
distance� if the nearestpoints on � for the circlesat dis-
tance � form two disjoint sequencescorresponding to the
sidesof

y
, seeFig.2. Otherwisethereareeither2 or 3 circles

equidistantfrom
y
, seein Fig. 1 b,c). �� � &q9h��*���. #7  �%¡�4£¢7
   *747	�	54¥¤�./(,�K¡

The brute force approachusing Lemma2 leadsto the al-
gorithm for computing the width of a set of points in the
Laguerregeometrywith ���C�A¦-� running time. Indeed, there
are �����E�I� pairsand �����Y@I� triplesof points definingthefit-
ting line. Eachpair of pointsgeneratesonepossiblefitting
line andeachtriple of pointsgeneratesat most3 fitting line.
To checkeachcandidateline thealgorithm computesall the
distancesfrom thecirclesto theline in lineartime.

In this sectionwe present two algorithms for computing
the Laguerrewidth andthe Laguerre fitting line. The first
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algorith§ m is basedon thetechniqueof rotatingcalipersand,
for this, we introduce a generalizationof the notion of the
convex hull to theLaguerregeometry. Thesecondalgorithm
is basedon lower envelopesof bivariate functions andhas
betterrunning time(although it is lesspractical).�)¨©! ª &���

�%. #7 N� 
�68.:�q47	5�m�p6   &7	�. �K¡q9
Definition 3 (Laguerre convex hull) The Laguerre convex
hull �P�¬«­�C®Q� of a set ®¯�~a is the smallestsubsetof a
such asanylinear combinationof twoelementsg�° and g)± of�P�¬«­�C®Q� belongs to �P�¬«­��®Q� .

This is equivalent to saying that \Q² D �C�P�¬«­��®Q�H�³c�¬«µ´ \ ² D ��®Q�H¶ , where �¬« denotesthe traditional convex
hull in >A@ , or theLaguerre convex hull of ® is theimageof
theconvex hull of thepoint set �·��>u@ suchas \ �C�w�uc�®
by \ .

This convex hull is particularly usefulfor computing the
Laguerre width. We usetheprefix ¸ to denote theboundary
of a set.

Lemma 4 TheLaguerrefitting line of a set ®^�¹a is defined
bycirclesof \ ´ ¸��¬« ´ \ ² D ��®Q� ¶�¶Pº ® .

Proof. We will prove it by contradiction. Assumethatone
of the circles (say Z ) determining the fitting line

y
of a set®x�»a doesnot belongto \ ´V¸��¬«µ´ \ ² D ��®Q��¶�¶ º ® . Let¼ c \ ² D �CZK� . Our first assumption is equivalent to saying

that
¼

is in theinterior of �¬«½´ \ ² D �C®Q��¶ . Let � betheline
of theplaneof equationJ�c�� in >u@ whoseequationin this
planeis the sameas

y
equation. In > @ , the locusof points

thatareat thefitting distanceo from theline � is a quadric� of axisof symmetry� . Since Z defines thefitting line,
¼

belongsto � . Let ¾ betheclosestpointontheverticalplane
containing � from

¼
. Let ¿ betheintersectionpoint of the

ray from
¼

in the directionof the straightline �C¾ ¼ � away
from ¾ and �¬«À´ \ ² D ��®Q��¶ (seeFigure3). Since

¼
is in

theinterior of �¬«À´ \ ² D ��®Q�H¶ andon � , ¿ andthevertical
planecontaining � lie on opposite sideswith respectto � .
Thus,theLaguerredistancefrom ¿ to thepointof � closest
to ¿ is greater than o . Considernow the polygonal facetÁ

of �¬« ´ \ ² D �$®Q� ¶ which contains¿ . At leastonevertex
(say Â ) of

Á
lies on thesamesideas ¿ with respectto � .

ThustheLaguerre distancefrom Â to thepoint of � closest
to Â is larger than o . But Â is avertex of ¸��¬« ´ \?² D �$®�� ¶ º\ ² D ��®Q� . Thusthe fit distanceof \ �jÂm� is greaterthanthe
fitting distance,acontradiction. �

Weproposethefollowingalgorithm for computing theLa-
guerre width.

1. Map the circles to the Laguerre geometry and com-
putethe convex hull of the corresponding points. Remove
thepointsin interior of theconvex hull. Remove thecorre-
sponding circles.

2. Apply thetechnique of rotatingcalipers.At every mo-
mentthealgorithmmaintains2 or3 circlesdefinedthefitting
line.

L

X

Q

RF

Figure3: Theproof of Lemma 4.

3. Computethesmallestfitting distancefrom rotating line
to thecirclesfrom Step2.�)¨:2 �p6   &7	�. �K¡�9xÃ�

��4�(£& # ¢7&<Ä�4
	mÅ #�Æ 476/&q�q4<�
Let Ç � be the Laguerre width of the set �~cµÈÉZ
D-FKÊKÊ�Ê%FHZKË+Ì
of � circles. Let W ° ��B ° FHG ° � bethecentre of Z ° and k ° be the
radius of Z ° . We show how to compute Ç � in �����E�H���É� time.
The algorithm finds a line minimizing the Laguerrefitting
distanceamong(i) vertical lines and(ii) non-vertical lines.
Then Ç � is thesmallestvalueamongthesetwo.

Vertical line. Sincewecanspend�����A������� time,wecom-
puteonenumber BÎÍ for everypairof circles �CZ ° FHZ ± �%FKÏÑÐÒ�ÓvÔ ÐÒ� suchthattheLaguerredistancesfrom theline B`c^B Í
to Z ° andto Z ± arethesame.Thereis onesuchvaluesinceB Í
satisfiesthefollowing conditionwhichis alinearequation in
termsof B Í�CB Í MRB ° � � MRk �° cU�CB Í MRB ± � � MNk �± Ê
We obtainat most �Ó���`MSÏI� valuesof B Í (a pair �CZ ° F�Z ± � can
beignored if B ° c�B ± and k ° c�k ± ). Thenwe sort theseval-
uesandtraversethemin sortedorder. We maintainthepair
of circleson eachsideof the line BNcUB Í thatmaximize the
Laguerredistanceto BtcUBÎÍ . Every event canbeprocessed
in ����ÏI� time. Thesmallestvalueof theLaguerre fitting dis-
tanceis achievedat oneof theevents.

Non-vertical line. We assumethattheequation of
y
is Gwci
B O¹Õ wherei+F Õ �l> .

Lemma 5 Theprojectionof a point �CZ-F�o
� onto a line Grci
B O¹Õ is thepointwith thefollowingcoordinatesÖ ZQMRi ÕAO i7oÏ O i � F i7Z O¹ÕÓO i7�KoÏ O i � × Ê (1)
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PrØ oof. Let ��B�{jFHG7{©� bethepoint from (1). It sufficesto verify
that (i) G,{QcÙi
Bq{ O^Õ and(ii) the vector �CBE{ÎMÚZ-F=G�{)MÚo
� is
perpendicularto thevector �=Ï<F�i7� . Thefirst condition follows
from i
B { O Õ c i Z�MÛi ÕAO i7oÏ O i � O¹Õ

c i7Z�MÛi � ÕAO i � o O¹ÕAO i � ÕÏ O i � cÚG { Ê
Thesecondcondition follows fromB { MRZ O i)��G { MÛo
�Üc ZQMRi ÕAO i
oÏ O i � MRZO i)� i7Z O¹ÕAO i7�KoÏ O i � MÛo7��cS��Ê �
Let W+{° �CBq{° F=G�{° � be the projectionof WE°=F=��cÝÏ<FKÊ�ÊKÊ%FH� onto

theline
y
. By Lemma5B {° c B ° MÛi ÕÞO i
G °Ï O i � and G {° c i�B ° O ÕAO i7�%G °Ï O i � Ê

TheLaguerrefitting distancebetweenZ ° and
y
is equaltoÇ ° c L ßáà-â �V�,F��CB { MNB ° � � O �CG { MRG ° � � MNk �° �%Ê

Thus Ç ° ÐÒÇ is equivalent to�CB { MNB ° � � O ��G { MRG ° � � Ð k �° O Ç � Ê
Lower envelope of bivariate functions. Let ã cÈI��DÉFKÊ�ÊKÊKF|�-Ë+Ì bea collectionof � bivariatefunctions,all al-

gebraic of someconstantdegree.The lower envelope ä�å ofã is definedas äuå¬��æE��c ßwçéè° �-°���æE�%Ê
Theorem6 (Agarwal et al. [1]) The lower envelope of a
collection of � bivariate functions, all algebraic of some
constant degree, canbecomputed, in an appropriate model
of computation,bya deterministicdivide-and-conquer algo-
rithm, in �����E�����É� time, for any �R�e� , where the constant
of proportionality dependson � andthemaximumalgebraic
degreeof the given functions (and of their domain bound-
aries).

We define� bivariatefunctions� ° �Vi+F Õ �Óc���B { MRB ° � � O ��G { MRG ° � � MRk �° FH�?cUÏ<FKÊ�ÊKÊ%FH�AÊ
We apply the algorithm from Theorem 6 to compute the
lower envelopeof the functions � ° . It producesa subdi-
vision of the �Ci+F Õ � -plane into �����Ó�H�Î�É� faces,edgesand
vertices. For a given face ê , there exists an index

Ô
such that, for any point �ViqF Õ ���ëê , the minimum valueß�çìè °��-°H�Ci+F Õ � is achieved by �-±��Vi+F Õ � . We find the maxi-
mum value �-±��ViqF Õ ��FÉ�Ci+F Õ ����ê . The maximumvalueover
all faces,edgesandverticesof thesubdivision is Çw� . There-
forewe provedthefollowing result.

Theorem7 TheLaguerre width of a setof � circlesin the
planecanbecomputedin ������������� time.
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