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The Fitting Line Problem in the Laguerre Geometry

Franois Anton*

Abstract

We addresshe problemof computing thefitting line of aset
of circlesin theLaguere metric,thatminimizes thedistance
to thefarthestircle. To solve thefitting line problemwe in-
trodice a genealizationof the concet of the width of a set
of pointsusingthe Laguere metric. We alsopresenian ef-
ficientalgorithmfor finding thefitting line of a setof circles
using minimization diagrans with ruming time O(n2%¢),
foranye > 0.

1 Introduction

The Laguere geomdry is a geametry of the oriented
spherespriginatedfrom the spaceof genealizedsphere$s,
Section20.6.4 p. 137] In the Laguere geomety, circles
andlinesareorierted: two circleshave atmosttwo comnon
tangets. The classicalprodemsin the Laguere geonetry
that have beenstudiedin comptationalgeometryare (see
[7]): the pointinclusionin a union of circles, finding the
conrectedcompnentsof a set of circles, and finding the
contaur of the union of circles. Theseproblens have been
successfullyhanded by usingthe Laguere diagram thatis
the generéization of the Voronoi diagramto the Laglerre
geonetry (se€g[7]).

In this paper we presentan algorithm for the deternina-
tion of thefitting line of a setof circlesin the Laguere met-
ric, that minimizesthe distanceto the farthestcircle. The
definitionof thefitting line in the Laguere geanetrydiffers
from the definitionin the Euclidea geonetry in the follow-
ing way: the distancethatis beingminimizedis the maxi-
mumLaguere distancerom the projectian of acircle centre
on the axis to the circle. The Laglerre metric betweena
pointandacircle is the squareroot of the power of the point
relatively to thecircle. Theconcep of power, is intrinsically
conrectedto theinversive geomdry, andto thespaceof gen-
eralizedsphees(see[4, Section10.710p. 175] While in
the Euclidean geomety, thereexists a relationshipbetween
the width of a setof points andtheir convex hull, we will
seethatthis relatiorship needssomecarein the caseof the
Laguare geometry Fromthis prodem of thefitting line in
theLaguere geanetry, we introducea genealizationof the
concep of the minimal width of a setof poirts in the La-
guere metric. In orderto introduwce our generalizatia of the
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width in the Laguere geanetry, we will explore all the pos-
siblegeneralizdon alternatves,andseewhichonerelateso
theprodem of thefitting line.

Thewidth of a setof circleshasa pradical applicatia in
robotics: the length of the arm of a roba that would pick
circularobjectsalongalineartrajectay.

2 Preliminaries

Let R? be the Euclideanplane by R? and let R® be
the three dimersional vector spacewherethe distancebe-
tween two poirts (xl,yl,zl) and (z2,ys,22) is definal

by \/ .Z'l — .Z‘z yl — yz) (Zl — 22)2 prcmded that
(z1 —:cz) (y1 yz) > (21— z2)2. In the Laguere
geonetry, a poirt p (z,y, z) in R? is mapped to a directe
circlec in the EuclideanplaneR? with thecentre(z, y), ra-
dius |z|, anddirection correspondiry to the signof z. Let
7 : R® — L dende thismapz(p) = c. TheLaguerre dis-
tancebetweertwo points of R? correspadsto thelengthof
thecomnontangem (definedby therespectie directiors) of
thecorrespadingtwo circles. ThelLaguere distancefrom a
point anda circle whoseinterior doesnot cortain that point
is the squareroot of the power of the poirt with respecto
thecircle. Let m bea point of R2. Let S (a,r) dende the
circle with centrea andtheradiusr. Its equatim is given
by S (z) = 0 whereS (z) = d(a,z)” — r2 (see[6]). The
power of the point m W|th respecito thecircle S is definal
as[6]: S (m) = d(a,m)® — 2. If $(m) = 0, thepointm
ison S (a,r),if S(m) <0, the pointm is inside S (a,r),
if S(m) > 0, m is outsideS (a,r). If we take ary line
[ passingthrough m andintersectingS (a, ), at the inter
sectlo_gomtst andt’, we have the following property [6]:

mt - mt' = S (m). Now considertwo circles S (a,r) and
S’ (a',r"). Thelocusof pointswhosepower with respecto
S (a,r) equalgheirpowerwith respecto S’ (a’, ') is called
theradicalaxis or chordde of S (a,r) andS’ (a’,7'). This
locusis definedif, andonly if a # a' (seeBemer[4, Sec-
tion 10.7.10.1, p. 175]). In the casewhereit is defined,its
equdion is: S (z) = S’ (z), andit is orthogonalto cﬁ [4,
Section10.710.1,p. 175].

TheLaguere geomety in R? is actuallya genealization
of Euclidea geomety in R? (2 = 0). In this paperwe gen-
eralizethe notionof the (Euclidean)width of a setof points
andintroducea new notion of Laguerre width. Therearea
few equivalent definitions of the Euclideanwidth [3]. One
definition of thewidth of asetA c R? is the minimumdis-
tancebetweentwo parallel suppating lines. One possible
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Figurel: a) Euclidearwidth. b,c) Laguerefitting line.

way to defineLaguere width of asetB C R? is to take the
minimum distancebetweertwo parallelsupprtinglinesof a
setof circlesnw(B). It doesnotleadto a nen notionbecase
it correspadsto the Euclidearnwidth of theunionof circles
m(B).

Anothea definition of the Euclideanwidth can be ex-
pressedn termsof the fitting line in the plane. For asetA
andaline [ thefitting distane fit(l) is definedasthelargest
distancefrom a point of A to its nearespointon!. Thefit-
ting line for asetA C R? is definedasaline I minimizing
fitting distance.Thewidth of A is the doube of fitting dis-
tance,seeFig 1. This appliesto the Euclideancaseaswell
astothelaguere case:

Definition 1 We definethe Laguere fit distancebetweera

circlecin R? anda line I asthe Laguerre distancebetween
thepointon! closestto the centie of ¢ andc. We defire the
Laguere fitting distancebetweera setC of directedcircles
in R anda line I asthe largestLaguert fit distancefrom
acirclec € C andl. Thelaguere fitting line is defned
as a line minimizingthe Laguerre fitting distan@. In R3

the Laguerr fitting line of a setof points B € R® canbe
viewedasa line [ in theplanez = 0 minimizingthe largest
Laguerre distancefrom a point of B to its neaestpoint on

theline [. ThelLaguere width of a setC is the dowle of

Laguerrefitting distan@ betweerC andthe Laguerrefitting

line, seeFig 1.

The direction of the Euclidean fitting line of n pointsis
definedby a pair of poirts, seeFig. 1 a). It is not longer
valid for the Laguerrefitting line. The following lemmaes-
tablisheghe analoguspropaty for the definition of theLa-
guerefitting line.

Lemma 2 ThelLaguerrefitting line ! of n circlesin theplane
is defnedby either 3 or 2 circlesat largestdistancefrom|.
In bothcaseghefitting line is equidistan fromthesecircles
in Laguerre geometry TheLaguerre fitting line defired by 2
circlescorrespond to the chordale of thesetwo circles.

Figure2: Rotationof / around A in clockwiseorder

Proof. The casesof 2 and3 circlesareillustratedin Fig. 1
b,c). Leti bethelLaguere fitting line of n circles.If all cir-
clesatthelargestdistanceD from [ areon the samesideof
[ thenD canbeimproved by translatingthe line [ towards
thesecircles. By rotatirg the line I we canalsoreducethe
distanceD if the nearespoints on L for the circlesat dis-
tanceD form two disjoint sequenescorrespading to the
sidesof [, seeFig. 2. Otherwisethereareeither2 or 3 circles
equidstantfrom [, seein Fig. 1 b,c). O

3 Computing the Laguerre Width

The brute force appoachusing Lemma?2 leadsto the al-
gorithm for conputing the width of a set of poirts in the
Lagwerregeametrywith O(n*) runring time. Indeed there
areO(n?) pairsandO(n?) triples of points definingthe fit-
ting line. Eachpair of pointsgeneatesone possiblefitting
line andeachtriple of pointsgenerateat most3 fitting line.
To checkeachcandidatdine the algorithm computesall the
distancedrom thecirclesto theline in lineartime.

In this sectionwe presehtwo algorithirs for computing
the Laglerre width andthe Laguere fitting line. The first
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algorithm is basedon the techrique of rotatingcalipersand,
for this, we introdwce a genealization of the notion of the
corvex hull to theLaguere geoméry. Thesecondalgaithm
is basedon lower envelopesof bivariate functions and has
betterrumingtime (althowghit is lesspractical).

3.1 Rotating Calipers Algorithm

Definition 3 (Laguerre corvex hull) The Laguerre convex
hull LCH (S) of asetS C L is the smallestsubsetof LL
sud asanylinear combnation of two elementsS; andS; of
LCH (S) belongto LCH (S).

This is equvalent to saying that 7= (LCH (S)) =
CH (n='(S)), whereCH denotesthe traditiond corvex
hull in R, or the Laguere corvex hull of S is theimageof
the corvex hull of thepointsetB C R® suchasz (B) = S
by .

This corvex hull is particulaly usefulfor compuing the
Laguere width. We usethe prefix d to dende the boundary
of aset.

Lemma4 ThelLaguerrefittingline ofasetS C L is defned
bycirclesof = (§CH (7~ (S))) NS.

Prodof. We will prove it by contiadiction. Assumethatone
of the circles (say¢) deternining the fitting line I of a set
S C L doesnot belongto  (JCH (7' (S))) N'S. Let
R = 771 (¢). Ourfirst assumptia is equivaent to saying
thatR is in theinterior of CH (7~ (S)). Let L betheline
of theplaneof equationz = 0 in R®* whoseequationin this
planeis the sameas! equatim. In R?, the locusof points
thatareat the fitting distanced from theline L is a quadic
D of axisof symmetryL. Sincec defines thefitting line, R
belorgsto D. Let F betheclosespointontheverticalplane
contairing L from R. Let X betheintersectiorpoint of the
ray from R in the directionof the straightline (F'R) away
from F andCH (7' (S)) (seeFigure3). SinceR is in
theinteriorof CH (=~ (S)) andon D, X andthe vettical
planecontairing L lie on oppasite sideswith respecto D.
Thus,theLaglerredistancdrom X to thepointof L closest
to X is greate thand. Considernow the polygonal facet
P of CH (n~* (S)) whichcontainsX. At leastonevertex
(say@) of P lies onthe samesideasX with respecto D.
Thusthe Laguere distancefrom @ to the point of L closest
to @ is larger thand. But Q is avertex of SCH (7=* (S)) N
71 (8). Thusthefit distanceof 7 (Q) is greaterthanthe
fitting distancea contradkction. O

We proposethefollowing algoithm for compuing thelLa-
guere width.

1. Map the circlesto the Laguerre geomety and com-
putethe convex hull of the correspondig points. Remaore
the pointsin interior of the corvex hull. Remave the corre-
spondhg circles.

2. Apply thetechnige of rotatingcalipers.At every mo-
mentthealgorithmmaintairs 2 or 3 circlesdefinedhefitting
line.
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Figure3: Theprod of Lemma 4.

3. Computethesmallesffitting distancedrom rotatirg line
to thecirclesfrom Step?2.

3.2 Algorithm Based on Lower Envelopes

Let w* bethe Laguere width of thesetC = {c1,...,¢cn}
of n circles. Let p;(z;,y;) bethe cente of ¢; andr; bethe
radis of ¢;. We shav how to compue w* in O(n?*¢) time.
The algorithm finds a line minimizing the Laguerrefitting
distanceamong(i) verticd lines and (i) nonverticallines.
Thenw* is thesmallestvalueamongthesetwo.

\ertical line. Sincewe canspend)(n2*¢) time,we com-
puteonenunberz’ for every pairof circles(c;, ¢;),1 < i <
j < mn suchthatthe Lagwerredistancegrom theline z = x;
to ¢; andto c¢; arethesame.Thereis onesuchvaluesincez!
satisfieghefollowing conditionwhichis alinearequatia in
termsof z;

(2! — ;) =1} = (a — ;)% - 7"]2-.
We obtainat mostn(n — 1) valuesof z! (apair (c;, ¢;) can
beignord if z; = x; andr; = r;). Thenwe sorttheseval-
uesandtraversethemin sortedorder. We maintainthe pair
of circleson eachsideof theline z = z! thatmaximze the
Lagerredistanceto z = z!. Every evert canbe processed
in O(1) time. Thesmallestvalueof the Laguere fitting dis-
tanceis achievedat oneof theevents.

Non-vetical line. We assuméhattheequatiom of [ isy =
az + b wherea,b € R

Lemma5 Theprojectionof a poirt (¢,d) ontoaliney =
az + b is thepointwith thefollowing coordinates

(1)

c—ab+ad ac+ b+ ad
14a2 > 1+a2 )
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Prod. Let(z’',y") bethepoint from (1). It sufiicesto verify
that(i) ' = ax’ + b and(ii) thevector(z' — ¢,y' — d) is
perpadicularto thevector(1, a). Thefirst cordition follows
from

—ab d
az' +b = aw+b
1+ a2
_ ac—a2b+a2d+b—|—a2b_ ,
B 1+ a2 B
Thesecondcondition follows from
c—ab+ad
:E'—C-i-a(y'—d) = 1_}_7&2—
ac+b+a%d
——— —d)=0.
o 1+a? ) =0

O
Let pi(«},y;) bethe projectionof p;,i = 1,...,n onto
thelinel. By Lemmab
z; — ab+ ay;
m; = W andy; =
TheLaguerrefitting distancebetweerc; and! is equalto

w; = \/max(O, (@' —2;)2 + (y' —y3)2 —r?).
Thusw; < w is equivdentto
(@' —2:)® + (' — 9:)* <7} + 0w

Lower erveloe of bivariate functims Let F =
{f1,..., fn} beacollectionof n bivariatefunctions, all al-
gebréc of someconstantlegree. Thelower envelope E x of
F is definedas

Er(x) = miin fi(x).

Theorem 6 (Agarwal etal. [1]) The lower ernveloge of a

collection of n bivariate functiors, all algebraic of some
constam degree canbe computd, in an appopriate model
of compuation, by a deterministiadivide-and-canque algo-

rithm, in O(n?*¢) time, for anye > 0, whele the constanm
of proportiorality dependson e andthe maximumalgebraic

degree of the given functins (and of their doman bourd-

aries).

We definen bivariate functions

fila,b) = (@' —z:)* + ('

We apply the algorithm from Theoem 6 to conpute the
lower ernvelope of the functions f;. It producesa subdi-
vision of the (a, b)-planeinto O(n?*¢) faces,edgesand
vertices. For a given face ¢, there exists an index j
suchthat, for ary point (a,b) € ¢, the minimum value
min; f;(a, b) is achieved by f;(a,b). We find the maxi-
mumvalue f;(a, b), (a,b) € ¢. The maximumvalue over
all facesedgesandvetticesof the subdvisionis w?. There-
fore we provedthefollowing result.

2,2
—y) —rii=1,...,n.

Theorem7 ThelLaguerre width of a setof n circlesin the
planecanbecomptedin O(n?+¢) time
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