16th Canadian Conference on Computational Geometry, 2004

An Average Running Time Analysis of a Backtracking Algorithm to Calculate the Measure of the Union of Hyperrectangles in d Dimensions

Susumu Suzuki^∗ Toshihide Ibaraki^†

Abstract

Problem MEASURE is the problem to calculate the measure of the union of n hyperrectangles R_i = [b_{i1}, e_{i1}]×· · ·× [b_{id}, e_{id}], i = 1, . . . , n, in d ≥ 2 dimensions, | ∪^n_{i=1} R_i|, where b_{ij} and e_{ij} are numbers such that b_{ij} ≤ e_{ij} [3]. An O(n^{d−1} ln n) worst-case time algorithm to solve MEA- SURE for d ≥ 2 [1] and an O(n^{d−1}) worst-case time algorithm for d ≥ 3 [2] are known. In this paper, we propose a backtracking algorithm to solve MEASURE, analyze its average running time ((4) to (7) in Section 5), and show that the backtracking algorithm is more efficient than the former algorithms[1, 2] when d ≥ 3 and there are many large hyperrectangles R_i ((8) and (9) in Section 6).

1 Introduction

The problem MEASURE is defined as follows[1, 2, 3]:

Definition n hyperrectangles R_i = [b_{i1}, e_{i1}] × · · · × [b_{id}, e_{id}], i = 1, . . . , n, in d ≥ 2 dimensions are given, where b_{ij} and e_{ij} , i = 1, . . . , n, j = 1, . . . , d, are numbers such that b_{ij} ≤ e_{ij} . Calculate the measure of the union of those hyperrectangles, | ∪^n_{i=1} R_i| = |{(x_1, . . . , x_d) | ∃i(1 ≤ i ≤ n), (x_1, . . . , x_d) ∈ R_i}|. □ Example When 2-dimensional hyperrectangles (i.e., rectangles) R_1 = [0, 3] × [0, 4], R_2 = [0, 5] × [1, 8] and R_3 = [4, 8]×[0, 8] are given, |R_1 ∪ R_2 ∪ R_3| = 63 (Figure 1). □

For MEASURE, Bentley[1] gave an algorithm that can solve the problem for d ≥ 2 in the worst-case time O(n^{d−1} ln n), and Leeuwen and Wood[2] did an algorithm for d ≥ 3 in the worst-case time O(n^{d−1}). In the paper, ln and lg denote log_e and log_2, respectively.

By the way, MEASURE can be considered a generalization of the problem to count the number of unsatisfying assignments of the satisfiability problem SAT, which is denoted by COUNT-SAT in this paper. For example, the COUNT-SAT problem to count the number (denoted by N^′) of unsatisfying assignments for the DNF equation

∗Department of Applied Information Science, Aichi Institute of Technology, Toyota, Japan, susumu-suzuki@aitech.ac.jp . The author was supported by a grant from the Nitto Foundation.

†Department of Informatics, Kwansei Gakuin University, Sanda, Japan,

ibaraki@ksc.kwansei.ac.jp

Figure 1: A problem instance

(x_1 ∧ x_2 ∧ x_3) ∨ (x_2 ∧ x_3) ∨ (x_1 ∧ x_3) = false can be expressed as the MEASURE problem to calculate the measure (denoted by M^′) of [1/2, 1] × [0, 1/2] × [1/2, 1] ∪ [0, 1] × [1/2, 1] × [0, 1/2] ∪ [0, 1/2] × [0, 1] × [1/2, 1]. (Because, as understood by making an assignment (x^′_1, x^′_2, x^′_3) ∈ {false, true} × {false, true} × {false, true} correspond to the sub-domain t(x^′_1) × t(x^′_2) × t(x^′_3) ⊂ [0, 1]×[0, 1]×[0, 1], where t(false) = [0, 1/2] and t(true) = [1/2, 1], it holds that N^′ = 2^dM^′ = 8M^′.) For COUNT-SAT, backtracking algorithms are well-known. The average running times of some backtracking algorithms have been analyzed, and, as a result, it is known that they can solve COUNT-SAT efficiently when there are many clauses in a logical expression of COUNT- SAT (i.e., in a logical one of SAT) and a small number of literals in each of the clauses[4, 5]. A clause in COUNT- SAT corresponds to a hyperrectangle in MEASURE, and that there are a small number of literals in a clause corresponds to that the hyperrectangle corresponding to the clause is large. Therefore, If backtracking algorithms are extended to solve MEASURE, there is a possibility that the extended backtracking algorithms for MEASURE can solve problem instances with many large hyperrectangles efficiently (Bentley’s algorithm[1] and Leeuwen-and-Wood’s algorithm[2] are not efficient when a problem instance has many hyperrectangles). In this paper, we present a backtracking algorithm for MEASURE (denoted by MEASURE-BT) by extending the basic backtracking algorithm for COUNT-SAT in [5] (denoted by SAT-BT) to MEASURE, and, to investigate its efficiency, analyze its average running time.

Although the analysis of the average running time of MEASURE-BT is a generalization of the analysis of the average running time of SAT-BT[5], the former is more complicated than the latter and not easy, since MEASURE-BT is

CCCG 2004, Montreal, Quebec, August 9–11, 2004

more complex than SAT-BT. In [6], we considered problem SUCP, which is another generalization of COUNT-SAT, proposed a backtracking algorithm to solve SUCP (denoted by SUCP-BT), and analyzed its average running time. SUCP is the problem to calculate the size of the union of n Cartesian products C_i = S_{i1} × · · · × S_{id}, i = 1, . . . , n, that are composed of finite sets of integers S_{ij} , i.e., | ∪^n_{i=1} C_i| = | ∪^n_{i=1} S_{i1} × · · · × S_{id}|. MEASURE is similar to SUCP. However, since intervals [b_{ij} , e_{ij} ] to compose a hyperrectangle R_i = [b_{i1}, e_{i1}]×· · ·×[b_{id}, e_{id}] are not disconnected sets of integers (such as S_{ij} = {1, 2, 5, 6, 9} in SUCP) but continuous sets of real numbers (such as [b_{ij} , e_{ij} ] = [1, 9] = {x | 1 ≤ x ≤ 9, x is real }), the analysis of the average running time of MEASURE-BT is different from that of SUCP-BT.

For the analysis, problem instances are generated as explained in Section 4. As a result of the analysis, we show that, for n satisfying (4) in Section 5, the average running time T of MEASURE-BT can be evaluated as (5), where α > 0 is a parameter to determine the sizes of hyperrectangles (rectangles become larger as α becomes larger) and c > 0 is a certain number independent of d, n and α. Expression (5) shows that T approaches cdn(1 + 2(lg n + 2)(2/α)^d(1 + O(n^{−1/(d−1)}))) when n is large enough. To clarify the range of n in which T can be bounded from above by a polynomial of n in low dimensions, we give (6) and (7) in Section 5, where γ is any number such that 0 < γ ≤ d − 1. These expressions (4) to (7) represent the efficiency of MEASURE-BT for large n and α quantitatively.

For the case of d = 2, MEASURE-BT is not more efficient than Bentley’s algorithm with the worst-case time O(n^{d−1} ln n) = O(n ln n) [1]. For the case of d ≥ 3, since Leeuwen-and-Wood’s algorithm with the worst-case time O(n^{d−1}) [2] is superior to Bentley’s algorithm, we compare MEASURE-BT and Leeuwen-and-Wood’s algorithm. Let ϵ > 0 be a small positive number. Substituting γ = d−2−d/2^{d−1} −ϵ into (6) and (7) in Section 5 gives (8) and (9) in Section 6. The comparison between the average running time (9) of MEASURE-BT and the worst-case time of Leeuwen-and-Wood’s algorithm shows that MEASURE- BT is more efficient than Leeuwen-and-Wood’s algorithm if n and α are large enough such that (8) holds.

The rest of this paper is organized as follows. We give an application of MEASURE in Section 2, and present MEASURE-BT in Section 3. We explain the way to generate problem instances for the analysis in Section 4, and analyze the average running time T of MEASURE-BT in Section 5. Finally, for the case of d ≥ 3, we compare MEASURE-BT and Leeuwen-and-Wood’s algorithm in Section 6.

2 Application

A shop sells n kinds of shirts (Shirt#1, . . ., Shirt#n). Each of those shirts has goods of various sizes. For example, Shirt#1 has goods such that their chest lengths are from 60cm to 100cm, their sleeve lengths from 70cm to 90cm and their neck lengths from 35cm to 50cm. Similarly, for example, Shirt#n has goods such that their chest lengths are from 70cm to 110cm, their sleeve lengths from 70cm to 95cm and their neck lengths from 40cm to 60cm. Then, the richness of the sizes of shirts sold at the shop (i.e., the richness of (the chest length, the sleeve length, the neck length)’s) can be represented as |[60, 100]×[70, 90]×[35, 50] ∪ · · · ∪ [70, 110]× [70, 95] × [40, 60]|. That is, the problem of calculating the richness of the sizes of shirts can be represented as MEA- SURE.

3 MEASURE-BT

We call the hyperplanes x_j = b_{ij} and x_j = e_{ij} (j = 1, . . . , d, i = 1, . . . , n) determined by the hyperrectangles R_i = [b_{i1}, e_{i1}] × · · · × [b_{id}, e_{id}] (i = 1, . . . , n) r-hyperplanes. For example, in the problem instance of Figure 1, r-hyperplanes are x_1 = 0, x_1 = 3, x_1 = 4, x_1 = 5, x_1 = 8, x_2 = 0, x_2 = 1, x_2 = 4 and x_2 = 8. r-hyperplanes are used in Step6 of MEASURE-BT.

[MEASURE-BT] As input data, n hyperrectangles R_i = [b_{i1}, e_{i1}] × · · · × [b_{id}, e_{id}], i = 1, . . . , n, and parameter H to indicate the limit of division of the domain that contains those hyperrectangles are given. H is determined to be H = ⌊lg(2n)⌋ in Section 5.

Step1 Compute the smallest hyperrectangular domain D = [min{b_{11}, . . . , b_{n1}}, max{e_{11}, . . . , e_{n1}}] × · · · × [min{b_{1d}, . . . , b_{nd}}, max{e_{1d}, . . . , e_{nd}}] that contains all hyperrectangles R_1, . . . , R_n, put the pair (D, 0) on top of the empty stack ST ACK (ST ACK := {(D, 0)}) and set V to 0 (V := 0), where V is used to keep the answer | ∪^n_{i=1} R_i|.

Step2 If ST ACK = ϕ, output V (= | ∪^n_{i=1} R_i|) and halt.

Step3 Take the top pair (S, h) = ([l_1, r_1]×· · ·×[l_d, r_d], h) from ST ACK (ST ACK := ST ACK − {(S, h)}). Step4 If the sub-domain S is contained in at least one of hyperrectangles R_i, update V by V +|S| (V := V +|S|) and return to Step2.

Step5 If h = dH, go to Step6. Otherwise, execute the following. Let k be k = (h mod d)+1. By the hyperplane x_k = (l_k + r_k)/2, divide the sub-domain S into two sub-domains S^′ = [l_1, r_1]×· · ·×[l_{k−1}, r_{k−1}]×[l_k, (l_k + r_k)/2]×[l_{k+1}, r_{k+1}]×· · ·×[l_d, r_d] and S^{′′} = [l_1, r_1]×· · ·× [l_{k−1}, r_{k−1}]×[(l_k +r_k)/2, r_k]×[l_{k+1}, r_{k+1}]×· · ·×[l_d, r_d]. Put the pairs (S^′, h + 1) and (S^{′′}, h + 1) on top of ST ACK (ST ACK := {(S^′, h + 1), (S^{′′}, h + 1)} ∪ ST ACK) and return to Step2.

Step6 Divide the sub-domain S by all the r-hyperplanes intersecting S to generate sub-domains S^∗_1 , . . . , S^∗_m. For each sub-domain S^∗_k (k = 1, . . . , m), if S^∗_k is contained in at least one of hyperrectangles R_i, update V

16th Canadian Conference on Computational Geometry, 2004

by V + |S^∗_k |(V := V + |S^∗_k |). After executing the above for all S^∗_k (k = 1, . . . , m), return to Step2. □

Figure 2: An execution example of MEASURE-BT

Figure 2 shows how MEASURE-BT with H = 2 solves the problem instance in Figure 1.

4 Problem instances

We explain how to generate problem instances for the average running time analysis. For a number α > 0, let D^′ be the d-dimensional domain D^′ = [−α, 1 + α]×· · ·×[−α, 1 + α], and R a d-dimensional hyperrectangle such that the length of each side is α and its position is undecided. Let D be the d-dimensional domain D = [0, 1] × · · · × [0, 1]. We generate each hyperrectangle R_i in each problem instance as follows. By putting R in D^′ at random, generate the hyperrectangle R^′ = [x_1, x_1 + α] × · · · × [x_d, x_d + α], where each x_j is a certain number determined at random to satisfy −α ≤ x_j ≤ 1. Generate R_i as the common area of R^′ and D, i.e, R_i = [max{0, x_1}, min{1, x_1 + α}] × · · · × [max{0, x_d}, min{1, x_d + α}]. When problem instances are generated as above, for every point p in D, the probability that p is included in R_i is the same.

We give notice that (i) whatever α is, the set of MEA- SURE instances generated by the above way does not become that of COUNT-SAT instances, and, therefore, (ii) the average running time of MEASURE-BT for the set of the MEASURE instances ((4) to (7)) makes no mention of that of MEASURE-BT for COUNT-SAT. We explain the reason for (i). Like in the MEASURE instance [1/2, 2]×[0, 1/2]×

[1/2, 1]∪[0, 1]×[1/2, 1]×[0, 1/2]∪[0, 1/2]×[0, 1]×[1/2, 1] in Section 1, each interval [b_{ij} , e_{ij} ], i = 1, . . . , n, j = 1, . . . , d, in the MEASURE instance ∪^n_{i=1}[b_{i1}, e_{i1}]×· · ·×[b_{id}, e_{id}] with the domain D = [0, 1]×· · ·×[0, 1] to express a COUNT-SAT instance must be any of [0, 1/2], [1/2, 1], [0, 1] and [y, y], where y is any number satisfying 0 ≤ y ≤ 1. However, in the MEASURE instances generated by the above way, since each interval is [b_{ij} , e_{ij} ] = [max{0, x_j }, min{1, x_j + α}], where x_j can be any number satisfying −α ≤ x_j ≤ 1, it can not be restricted to only [0, 1/2], [1/2, 1], [0, 1] and [y, y], which is the reason for (i).

5 Analysis

We give an outline of the analysis of the average running time T of MEASURE-BT. The average of the total number of sub-domains D, S^′ and S^{′′} generated in Step1 and Step5 of MEASURE-BT (denoted by N_1(H)) and the average of the total number of sub-domains S^∗_k generated in Step6 (denoted by N_2(H)) can be evaluated as follows, respectively:

N_1(H) < 1 + 2^{d+1} K−1∑ i=0 2^{di}

+ 2^{d+1} H−1∑ i=K 2^{di} ( 1 − ( α − 1/2^i 1 + α )_d)n , (1)

N_2(H) ≤ ( 1 − ( α − 1/2^H 1 + α )_d)n ( 2n + 2^H )_d , (2)

where K = max{0, ⌈lg(1/α)⌉}. Therefore, the average of the total number of sub-domains generated by MEASURE- BT (denoted by N(H)) is

N(H) = N_1(H) + N_2(H) < E(H),

where

E(H) = (the right hand side of (1)) + (the right hand side of (2)).

Since E(H) changes according to H, in order to make MEASURE-BT efficient, H needs to be determined so that E(H) becomes small. When H ≥ lg(2n), E(H) increases monotonically as H increases. On the other hand, when H < lg(2n), according to d, n and α, there are cases where E(H) becomes larger than E(lg(2n)) but also cases where E(H) becomes smaller than E(lg(2n)). So, also considering the easiness of calculation of H, we decide that H is H = ⌊lg(2n)⌋. Then, N(⌊lg(2n)⌋) can be evaluated as

N(⌊lg(2n)⌋) < 1 + 2(lg n + 2)

× max { (4n)^d ( 1 − ( α − 2/n 1 + α )_d)n , ( 2 α )_d ( 1 − ( d n )_{1/(d−1)} ( 1 + α α )_{d/(d−1)})−d} . (3)

CCCG 2004, Montreal, Quebec, August 9–11, 2004

To derive the above (1) to (3), we assume

n ≥ max { 4 α , 4d − 2, ( 1 + α α )_d de } . (4)

Let c > 0 be a certain number independent of d, n and α. From (3), the average running time T of MEASURE-BT is evaluated as T < cdnN(⌊lg(2n)⌋) < cdn ( 1 + 2(lg n + 2)

× max { (4n)^d ( 1 − ( α − 2/n 1 + α )_d)n , ( 2 α )_d ( 1 − ( d n )_{1/(d−1)} ( 1 + α α )_{d/(d−1)})−d}) . (5) From (5), T approaches cdn(1 + 2(lg n + 2)(2/α)^d(1 + O(n^{−1/(d−1)}))) when n is large enough. The following can be derived from (4) and (5), which explains the range of n in which T can be bounded from above by a polynomial of n in low dimensions. For any γ such that 0 < γ ≤ d − 1, if n and α satisfy

n ≥ max {( (d − γ) ( 1 e + ln

1 + α α ) + ln 4 + 1 )

× ( 1 + ( α 1 + α )_d 1 α ) ( 1 + α α )_d de, ( d + 1 α )_{d/γ} } , (6)

T can be bounded from above as follows:

T < cdn (1 + 2(lg n + 2)n^γ ) . (7)

6 Comparison

For the case of d ≥ 3, we compare MEASURE-BT and Leeuwen-and-Wood’s algorithm. Let ϵ be a small positive number (ϵ > 0, ϵ ≃ 0) . Substituting γ = d − 2 − d/2^{d−1} − ϵ into (6) and (7) in Section 5 gives the following. For MEASURE-BT, if n and α satisfy

n ≥ max { (( 2 + d 2^{d−1} + ϵ ) ( 1 e + ln

1 + α α ) + ln 4 + 1 )

× ( 1 + ( α 1 + α )_d 1 α ) ( 1 + α α )_d de, ( d + 1 α )_{d/(d−2−d/2}d−1_{−ϵ)}} , (8) it holds T < 2cd ( 1 + 2 lg n + 1 2n^{d−2−d/2d−1−ϵ} lg n )

× (lg n) n^{−d/2d−1} n^{d−1−ϵ} < 4c (ln 2)e 2^{d−1}n^{d−1−ϵ}. (9) The worst-case time T^′ = O(n^{d−1}) of Leeuwen-and- Wood’s algorithm is T^′ ≤ c^′2^{d−1}n^{d−1} in detail, where c^′ is a certain number independent of d and n. The comparison between (9) and c^′2^{d−1}n^{d−1} shows that MEASURE-BT is more efficient than Leeuwen-and-Wood’s algorithm if n and α are large enough such that (8) holds.

References

[1] J. L. Bentley. Algorithms for Klee’s rectangle problems.

unpublished manuscript, Department of Computer Science, Carnegie-Mellon University, 1977.

[2] J. van Leeuwen and D. Wood. The measure problem for rectangular ranges in d-space. In J. Algorithms, 2, pages 282–300, 1981.

[3] F. P. Preparata and M. I. Shamos. Computational Geometry – An Introduction –, Springer-Verlag, 1985.

[4] P. W. Purdom. A survey of average time analyses of satisfiability algorithms. In J. Information Processing, 13(4), pages 449–455, 1990.

[5] P. W. Purdom and C. A. Brown. Polynomial-average-time satisfiability problems. In Information Sciences, 41, pages 23–42, 1987.

[6] S. Suzuki and T. Ibaraki. An average running time analysis of a backtracking algorithm to calculate the size of the union of Cartesian products. In Proc. Information Society IS 2003 – Theoretical Computer Science –, pages 300–304, 2003.