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We explore the complexity of tiling finite subsetsof the
plane,which we call layouts, with a finite setof tiles. The
tiles areinspiredby Wangtiles andthedominogamepiece.
Eachtile is composedof apairof faces.Eachfaceis colored
with oneof � possiblecolors. We want to know if a given
layout is tileableby a givensetof � dominoes. In a tiling,
dominoesthattouchmustdosoatlike-coloreddomino faces.
Weprovidean ������� timealgorithmfor tiling layoutsthatare
pathsor cycles. We alsoshow that if the layout is partially
tiled at the outsetof the problem, then the tiling decision
problem is NP-complete. We alsoshow thattheproblem re-
mainsNP-completeevenif thelayout is a tree.
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In a geometric tiling problemwe wish to fill all or someof
the planewith non-overlappingpolygonscalled tiles. The
tiling problems studiedhereinare motivatedby recent re-
sults concerning Wang tiles. Wang tiles are non-rotatable
unit squaresthathavecolorededges [5]. In a tiling thatuses
Wangtiles, neighboring tiles musthave the samecolor on
adjacentedges. In a typical Wang tiling problem, we are
givena finite number of typesof tiles andan infinite num-
ber of eachtype, andwe are asked to tile somesubsetof
the plane. Berger showed that decidingif the entireplane
canbetiled by a givensetof Wangtiles is undecidable[2].
Motivatedby aconnectionbetweenWangtilings andselfas-
semblyin DNA computing,researchers havebegun to study
tiling proper infinite subsetsof the plane[1, 3]. In [1], the
authorsshow thattheproblemof tiling a ribbon, which is an
infinite “path” in theplane,is undecidable.This resultis ex-
tendedin [3] to show thattheproblem of tiling a ribbon that
is a “cycle” is undecidable.

We studya variation of Wangtiles, which we call domi-
noes, thatare &('*) rectangles thatarepartitionedinto 2 col-
ored faces. Thus unlike Wang tiles, the facesare colored
ratherthantheedges. Also unlikeWangtiles,weallow rota-
tionof thetilesandweconsiderfinite setsof dominoes.Thus
although our tiles have a connectionto Wangtiles, they are
essentiallya generalizationof the commonly useddomino
gamepiece.
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Figure1: (a) A set of dominoes - realizedasorthogonal
rectangleswith two faces.(b) A layout . . (c) Thegraph /10 .
(d) Therealizationof a tiling 2 on theset - .
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Let >@?BADCDEGF8CIH�FIJKJKJLFMCINO beafinite setof � colors.A dominoP
is a pair �QCSR�E#F8CIRTHD� of colorsfrom > . We will refer to the

currentsetof dominoesthatis underconsideration as - , and
we will referto thenumber of dominoesin - as � . We will
only considerfinite setsof dominoes.

Now we discusshow we can embeda domino in the
integer plane. When embedding a domino in the plane,
we interpret a domino

P ?U�QC R�E F8C RTH � asa &V'W) rectangle
that is partitioned into exactly 2 squares. We call these
squares facesand refer to them as X RE and X RH . The face
X RY will be colored color C�R Y (Figure 1(a)). We say that a
function 2[Z\-^]_a` H 'b` H is a dominotiling function if 2
hascertainpropertiesthat we now explain. Firstly, 2 must
mapa dominoto a pair of horizontally or vertically aligned
points that are 1 unit apart. Furthermore, 2 must map
dominoessuchthat adjacentdomino faceshave the same
color. Finally, 2 must map dominoes to non-overlapping
locations. Thesepropertiesareformalizedbelow:

1. 2c� P �d?e��fgFih��kjml�f!h�ln?o)
2. 2c� P Y �W?p�Qf6F8hq��Fi2c� P#r �[?s��tuFiv!��F and l�fwtxly?p)Bj
C RTzQE ?{C RM|ME
3. 2c� P Y �}?e�Qf6F8hq��Fi2c� P#r �}?o�Qt(Fiv���F and l�hvgl~?o)�j�C RTz�H ?
CIR | H
4. 2c� P Y �d?o��fgFih�� and 2c� P r �d?@�Qf6F8v!�dj P Y ? P r
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5. 2c� P Y �k?e��fgFih�� and 2c� P r �k?e��t(F8hq�dj P Y ? P r

where l�f!h�l is the Euclidean distance between f and
h , and

P F P Y F P#r�� - . We use 2c� P � to determinewhere
a domino

P
is located. If 2c� P ��?���fgFih�� then X RE will be

centeredat thepoint f , and X RH centeredat thepoint h . We
noteherethat 2 maybea partialfunction, in which casenot
all dominoesarepositionedon theplane.

A layout . is asubsetof ` H 'u` H suchthatfor all ��fgFih�� �
. , l�fwh\l[?�) , and for all ��f Y F8h Y ��FS�Qf r F8h r � � . we have
f Yu�?�f r F8h r and h Y��?�f r Fih r . In otherwords, . consistsof
pairsof uniquepointsfrom ` H thatareeitherhorizontallyor
vertically aligned(Figure1(b)). We will alsostipulatethat� . � ?�� , i.e. the number of dominoesis exactly the right
number to cover the layout. Let f and h be two pointsthat
arecomponentsof someelementsof . . Thenwe say f and
h are � P�� �CI�S�\� in . if f l�f!h�l�?@) . If two members � Y FM� r � .
have adjacent components,then � Y and � r are alsodeemed
� P�� �qC��D�\� . If 2 mapstwo domino facesto positions thatare
adjacentin . , thenthosefacesaredeemedadjacent.If there
existsa domino tiling function 2 thatis surjectiveon . for a
setof dominoes - thenwe saythat . is tileableby - and
we referto 2 asa tiling of . using - .

Sincewe areinterestedin thecomputationof tilings, we
definethefollowing problems:

Definition 1 In the DOMINO TILI NG problem we are
givena set - of dominoesanda layout . andweare asked
to computea tiling 2 of . if oneexists.

We also study a domino tiling problem where certain
dominoeshave already beenpositionedon thelayout. Thus
the layout is partially tiled with dominoes,andwe wish to
completethetiling.

Definition 2 In the PARTIAL DOMINO TILING prob-
lem, we are given a partial tiling function 2 � , a set - of
dominoes,a layout . andwe are askedto computea tiling
function 2 such that for all

P�� - such that 2 � � P � is defined,
wehavethefollowing:

2 � � P �d?e��fgFih���j 2c� P �d?e��fgFih��
In theboththeDOMINO TILING problemandthePAR-

TIAL DOMINO TIL ING problem, 2 mayormaynotexist.
In Section 3 we study the algorithmic aspects of

DOMINO TILING with respectto thetopology of layouts.
We classifythetopology of a layout . by usinga graphthe-
oreticcharacterizationof . . Wedefineagraph / 0 ?e���dF8�x�
whosenodes andedgesaredefinedusingthecomponentsof
a layout . in thefollowing way (seeFigure1(c)):

� �o?@ASh � ��h!Fif\� � . or ��fgFih�� � . , for somef6O� �o?@A�Qf6F8hq� � f and h areadjacentin .nO
We will use the graph properties of /�0 to characterize

. . If /�0 is a pathor a cycle, for example, thenwe alsosay
that . is a pathor acycle,respectively.

Wewill alsouseagraph characterizationof asetof domi-
noes. Using a set - of dominoes,we build an undirected
pseudograph1 whosenodescorrespond to colors andwhose
edges correspondto dominoes. Given a set of dominoes
- that usethe colors >�?aAGC E FMC H FSJLJKJKF8C N O , we definetheP�G��� � ���q� �D �¡�/g¢{?@�£�kFM�u� :
� �o?¤>� �o?e�i�Qf6F8hq� � ��fgFih�� � -9�
Thus each domino from - corresponds to exactly one
edgein � , while eachcolor from > is represented by a
singlenode in � .

¥ 4 $¦:¦$ � <¨§c
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In this Section,we focuson the DOMINO TILING prob-
lem wherethe provided layout . is a pathor a cycle. The
following Lemmaprovidesthemotivation for our algorithm
for computing tilings of layoutthatarepathsor cycles.

Lemma 1 A layout . , which is a path, is tileable by - iff
/g¢ contains anEuler trail or circuit.

Proof. RecallthatanEulertrail (resp.circuit) of a graph ®
is apath(resp.cycle)thatuseseveryedgeof ® exactlyonce.

( j ) We defineagraph®@?o�£�c¯°F8�~¯d� using 2 :
� �w¯¨?BADh � h is a faceof a domino from -±O� �~¯�?@A�Qf6F8hq� � facesu andv areadjacent under2�O
The graph ® will be isomorphic to the layout graph
/g0 sinceeachfacelies a point from a componentof . , and
facesareonly adjacent if they areoneunit apart.Since . is
a path, /�0 is alsoa path,andhence® is a path.Recallthat
® hasexactly oneedgefor eachdomino in - . If the faces
that areat the endpoints of the path ® aredifferent colors
then ® describesa pathin /d¢ . If they arethesamecolors
then they describea cycle in /�¢ . Moreover, this path or
cycle will beEulerian sinceit usesevery edge (i.e. domino)
exactly once.

( ² ) Let ³´?µ���EGFM�DHFIJKJLJKF8�G¶�� be an Euler trail or circuit
from /·¢ thatis givenby its edges.Wewill use³ to position
dominoesfrom - onto . , thuscomputing 2 .

Now we describetheprocedurefor positioning thedomi-
noesof - onto . by using ³ . We begin by specifying
a member of . that is at an endpoint of the path /~0 to
be NEXT. Then we perform the following procedurefor� ?o)FT&�FIJKJKJLF8� :

1. Placethedominothatcorrespondsto theedge� Y at lo-
cationNEXT according to � Y . Now locationNEXT is
deemedoccupied.

1A ¸¹8º8»¼�½M¾�¿�Ài¸�Á is a graphthat allowsboth loopsandmultiple edges
between nodes.
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2. NEXTÂ Ã thenext unoccupiedmemberof . that is ad-
jacentto NEXT.

We areassuredthatadjacentdominoespositionedusingthis
procedurehavelike-coloredfacessinceconsecutiveedgesin
³ haveacommonendpoint2. Wearealsoguaranteedthatall
dominoesfrom - areusedsince ³ is Eulerianandedgesin
/g¢ have a one-to-onecorrespondencewith thedominoesin
- . Ä
We caneasilyextend this proof to dealwith layouts thatare
cycles. The only difference is that NEXT is initially any
member of . , and we updateNEXT cyclically around the
cycle . . Thus we have thefollowing:

Lemma 2 A layout . , which is a cycle, is tileableby - iff
/g¢ contains anEulercircuit.

It is well-known that Euler circuits andpathscanbe com-
putedon a graph ®�?Å���dF8�u� in ��� � � �GÆB� � � � time. Recall
that nodes in /·¢ correspond to colors,while edgescorre-
spondto dominoes.Furthermore,sinceeverydominois col-
oredwith at most2 colors we have that � � ������� . Thus we
have thefollowing:

Theorem3 DOMINO TILING canbesolvedin ���Q��� time
if . is a pathor a cycle.

Ç 4 $¦:¦$ � <¨§c
	È��$%
�:¦: = 4 $¦: 5 �¨Éq
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In this Sectionwe show that the decisionversionof PAR-
TIAL DOMINO TILING is NP-complete.We usethefol-
lowing problem in our proof, which wasshown to be NP-
completein [4]:

Definition 3 In the3,4-SAT problemwearegivenaboolean
expressionÊ in CNF with exactly3 variablesperclauseand
eachvariableappearsat most4 timesin Ê , andweareasked
to decidewhetherÊ is satisfiable.

Theorem4 PARTIAL DOMINO TILING is NP-
complete.

Proof. PARTIAL DOMINO TILING is in NP sincewe
can“guess”a tiling, andin polynomial time we canverify
thatthetiling is valid.

We will reduce 3,4-SAT to PARTIAL DOMINO
TILING . We will construct a layout . , a setof dominoes
- , anda partial tiling function 2 � according to theboolean
expressionÊ suchthata total tiling function 2 will exist if f
Ê is satisfiable.

The colors we usefor the facesof dominoescomefrom
different aspectsof Ê . For eachvariable h Y we introducea
unique color CGË z . For eachclauset Y we introducea unique
color CSÌ z . We alsointroducea unique color C¬¶ z for eachnot

2Recall that theseendpoints, i.e. theverticesof Í�Î , arethecolors fromÏ
.
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Figure2: Left, a variablelayout for an unnegatedvariable.
Right,avariablelayoutwith onenegatedoutput.

operatorthatappearsin Ê . Finally, we haveonecolorcalled
C�Ð thatrepresents“true”, andanothercolorcalled C"Ñ thatrep-
resents“f alse”.Now wedescribehow . is constructedfrom
a collectionof otherlayouts thatcorrespond to different as-
pectsof Ê .

We will representvariablesthatarenevernegatedin Ê by
constructing a layout andaddingsomedominoesto - . The
layout that representsan unnegatedvariable h Y is shown in
Figure2. Four points from this layout have beenempha-
sized.We will refer to thesepointsareterminalssincelay-
outsthatrepresentclauseswill bepositionedat thesepoints.
A domino �QCDË z FMC�Ë z � , which we will refer to as a variable
domino, hasbeenpositionedon this layout. Thepositionof
eachvariable domino will be reflectedin our partial tiling
function 2 � . We referto theportion of a variablelayoutthat
is above the variabledomino as the valuezone, while the
portion below is called the reservoir. For eachunnegated
variable in Ê we will also add a collectionof five �QCÐ�FMC�Ð��
dominoesandfive ��C#Ñ;F8CIÑ� dominoesto - . Thesedominoes
will be usedto “transmit” the truth value of a variable to a
clause.Wewill alsoaddtwo important dominoesof theform
�QC Ð FMC�Ë z � and �QC Ñ FMC�Ë z � to - . Thesedominoeswill beusedto
“set” thetruthvalueof avariable.

Negatedvariableswill behandledin avery similarfashion
to unnegatedvariables.We simply insertnegation dominoes
near the terminal on the layout for an unnegatedvariable
(Figure 2). Thesedominoeswill be of the form �QC�¶ z F8C�¶ z � .
Thefact thatsuchnegationdominoesexist will bereflected
in 2 � . For eachnegation domino we add two dominoes
�QCI¶ z F8C�Ð�� and �QCS¶ z F8CSÑ¬� to - .

We represent eachclauset Y by exactly threelayouts that
will be adjacentto the layoutsfor the variablesthat are in
the clause t Y . The threelayoutsfor clause t Y are shown
in Figure3. The emphasizedpoints in Figure3 arecalled
terminals. Therearethreedominoesof the form ��C Ìwz FMC Ìwz �
that have beenpositioned on theseclauselayouts. We will
refer to thesedominoesasclausedominoes. The positions
of clausedominoeswill be reflectedin 2 � . The portion of
the layout that is to the left of the clausedomino will be
referredto asthe reservoirof theclauselayout. Noticethat
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Figure3: Thethreelayouts thatrepresenta clause.

oneof the clauselayouts doesnot have a reservoir. Each
of theselayouts correspondsto exactly oneof thevariables
that is in clauset Y . Eachof themwill bepositionedsothat
their terminal is adjacentto oneof the four terminalsin the
layout for thevariablethey correspondwith. For this to be
accomplished,clauselayoutsmay needto be rotated. For
eachclauset Y , we addthreedominoesof theform �QCÌ z FMC�Ð��
andtwodominoesof theform ��C¬Ì z F8CIÑ� to - . Figure4shows
a variable layout thathastwo clauselayoutsattachedto it.
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Figure4: Variable h Y appears negated in clauset Y andun-
negatedin clauset r .

Now supposethat thereexistssometiling function 2 that
is a solution to PARTIAL DOMINO TILI NG for . , - ,
and 2 � asdescribed above. Wewill show thatif 2 existsthen
Ê is satisfiable.Specifically, we will usea truth assignment
of Ê that is implied by 2 . First let us examine the domi-
noesthat have beenpositionednext to variable dominoes.
Variabledominoesareonly adjacentto two otherdominoes
from - . Recall that the variabledominofor h Y is colored
C�Ë z . In our construction of - , we placedexactly two domi-
noesthathave faceswith color C Ë z . Thesetwo dominoesare
of the form �QCDÐTF8C Ë z � and �QCDÑ"FMC Ë z � . Thuswe areguaranteed
thatthesetwo dominoesareadjacent to thevariable domino
for h Y . Wewill assignatruthvalueto variableh Y in Ê accord-
ing to which of thesetwo dominoesgetsplacedin thevalue
zoneof the variable layout for h Y : if �QC�Ð�F8C Ë z � is positioned
in thevaluezonethen h Y ? true, and h Y ? falseotherwise.
Now considernegation dominoes.The

� ÐQÒ negationdomino
is only adjacentto two otherdominoes,and dueour con-
struction,thesetwo dominoeswill be ��C ¶�z FMC Ð � and �QC ¶�z FMC Ñ � .
Now considerclausedominoes.Dueto ourconstruction, all
dominoeswith facescolored C Ì!z mustbepositionednext to
a corresponding clausedomino. This ensuresthatall clause
layout reservoirs get filled by either ��CÌ z F8C�Ð�� or ��CIÌ z FMCIÑ�
dominoes. Also, sincethereareonly two dominoesof the

form �QCSÌ z F8CSÑ¬� , we are guaranteedthat at leastone layout
component for eachclausewill havea faceof color C�Ð on its
terminal. This corresponds to eachclausefrom Ê beingsat-
isfied.Westill mustshow thatif aclauselayout hasa C Ð face
onits terminalthenthevariableassociatedwith thatterminal
haseitherbeensetof true,or it hasbeensetto falseandit
appearsnegatedin theclause.First considerthecasewhere
a variable h Y appears unnegatedin clauset Y andsupposea
clauselayout for t Y hasa C�Ð faceon theterminalassociated
with h Y . Sincethis terminalis adjacentto a terminal in the
h Y ’s variable layout, all thepositionsin h Y ’s valuezonewill
beoccupiedby dominoeswith CÐ faces.Thesameargument
worksfor clauseterminalsthatarecoveredby C�Ñ faces.Thus
for unnegatedvariables,truthvaluesareproperly propagated
to clauses.We caneasilyextend this argumentfor negated
variables by noticing that negation dominoessimply “flip”
thetruthvalue.Thus we have thatevery clauseis satisfied

Now supposethat Ê is satisfiable.Wewill computeatiling
function 2 from asatisfyingtruthassignment of Ê .

If a variable h Y is set to true then we position domino
�QC Ë z FMC�Ð�� in h Y ’s variable layout value zonealongwith five
�QC�ÐMFMC�Ð�� dominoes. We also place �QC Ë z F8CSÑ¬� alongwith five
�QCSÑ"FMCIÑ¬� dominoesin h Y ’s reservoir. Placingthefive �QCGÐ�FMC�Ð��
dominoesin h Y ’s valuezonewill ensurethat all unnegated
terminalscorrespondto clausesthathavea �QC¬Ì z FMC�Ð�� domino
at their terminal. If a variable hasa negatedterminal,then
this forcesthe �QCD¶ z F8C�Ð�� to beadjacent to thevariable layout’s
terminal, which in turn forcesthe ��C¶ z FMCIÑ¬� domino to bead-
jacentwith the terminalfor the correspondingclause.This
causestheclauseto have a �QC Ì!z F8C Ñ � domino at its terminal.
SinceÊ is satisfiable,thiscanonly occur atatmosttwo vari-
ablelayouts. Recallthatwe’veonly addedtwo dominoesof
theform �QC Ì!z F8C Ñ � for eachclause.This impliesthatvariable
layouts thatcorrespond to avariablethathasbeensetto true
canbetiled.

If thevariable h Y is false,wedotheexactopposite:wefill
thevaluezonewith �QC Ë z FMCIÑ� andfive �QCDÑwF8CSÑ¬� dominoes,and
the reservoir with ��C Ë z F8C�Ð�� andfive ��CIÐ�F8C�Ð�� dominoes. We
canargue thatsuchlayoutscanbetiled by usingthereverse
of theargumentgivenabove. The ��C�Ñ"FMCIÑ� dominoesin the
valuezone will force unnegatedterminalsto be associated
with clausesthat have a �QC Ì!z FMC Ñ � at their terminal. Since
Ê is satisfiable,atmosttwo variableswill havethisproperty,
whichcorrespondsto thefactthattheirareonly two �QC Ìwz FMC Ñ �
dominoesperclause. Ä

The layout . constructedin the proof of Theorem 4 is dis-
connectedin thesensethat / 0 is disconnected.We caneas-
ily augment . so that it is connected. We canachieve this
by “daisy chaining” thevariable layouts with fixedposition
dominoes:thevariable layoutfor h Y is connectedto thevari-
able layout for h YKÓ E by a path that contains fixed position
dominoes.It is easilyseenthatthis new connectedlayout is
alsoa treein thesensethat /k0 is a tree. Thus we have the
following:
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CorollaryÔ 5 PARTIAL DOMINO TILING is NP-
completeevenif . is a tree.

Õ ªd� � �:Ö q�I$¦� � �×
 � ��Ø" q�I ;	 59Ù �	8Ú

We’ve shown that dominotilings of layouts that areeither
pathsor cyclescanbe computedin ����� Æ �"� time, where
� is thenumberof dominoesand � is thenumberof colors
on the domino faces. We’ve alsoshown that if a layout is
partially tiled at theoutsetof theproblem, thentheproblem
is NP-complete,evenif thelayout is a tree.

Many questionsregarding domino tilings remain open.
We are interestedin the time complexity of DOMINO
TILING where . is a treeor a graph. Also, we have only
considered dominotiling problemswhere �@? � . � . Many
interestingproblems arisewhenwe considerso-calledim-
perfecttilings where �¤Û � . � . In this situation,we wish to
find subsetsof - thatcantile . . It wouldalsobeinteresting
to explore the similaritiesanddifferencesbetweendomino
tilings andWangtilings.

Ü �~�¬Ú � �¬Ý1: 5 �"< 5 7 5�� �T�
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