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On Sequential Triangulations of Simple Polygons

RobinFlatland*

Abstract

A triangulation is saidto be Hamiltonianif its dud graph
contairs a Hamiltorian path. A sequetial triangulationis a
Hamiltoniantrianguldion having theadditioral propety that
the“turns” in the Hamiltorian pathalternatdeft/right. Such
trianguationsareusefu in computergraphies rendeing and
arerelatedto a new type of two-guad walk. In this paper
we preseh a simple O(nlogn) algorithm that determires
all sequetial triangulations (or equivdently all sequetial

two-guard walks) of a simplen vertex input polygon. The
previous bestalgoiithm usesthe polygon’s visibility graph
andhene runsin worsecase0O(n?) time [1].

1 Introduction

A triangulationis saidto beHamiltonian [1] if its dualgraph
contairs a Hamiltonianpath. A sequentihtrianguation is
a Hamiltonan triangulation having the additioral property
thatthe “turns” in the Hamiltonianpathalternae left/right.
Specifically the Hamiltorian pathin the dual gragh corre-
spond to a walk through the trianguation suchthat each
stepmoves from one triangle to an adjacenttriangle. For
eachtriande, the walk entersit through oneedgeandexits
through one of the remainng two edges. The walk is said
to take eithera left or right turn, depenéhg on which edge
it crossesvhenit exits, asshovn in Figurel. The seriesof
turnsonthepathmustalternatebetweereft andright for the
trianguationto be sequetial. Figure2 is anexanple.
Sequetial triangdationsareusefulin compuer graphcs
rendeing systemsvhichoftenfaceamemay busbandvidth
bottlenek in the processceto-graghics pipeline Sequetial
trianguationshelpalleviate this prodem becausehey have
asuccinctandsimpleencalingwhichredwestheamour of
datatransfered over the bus. See[1] for details. Sequetial
trianguationsalsohave a relatiorshipto a new type of two-
guardwalk which we call a sequetial walk. In atwo-guad
walk [3] [4] of a simple polygon P, two guads startat a
point s on P’s bourdary and travel alongthe bowndaryin
oppesite directions until they meetat a point ¢, while at all
timesbeingvisible to eachother Thewalk is sequetial if s
andt arebothverticesandtheguads’ motionis restrictedo
takingturnsmoving forward onevertex at a time towardst.
We obsere thatevely sequetial walk hasa correspading
sequentiakrianguation, and vice versa. The diagonals of
the triangulation are the lines of sight conneting pairs of
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vetticesthatthe guads occuped simultaneasly duiing the
walk. (SeeFigure2.)

In thispapemwe presenainO(n logn) algaithm thatiden-
tifies all sequentiatriangulations(all sequentialvalks) of a
simplen vertex input polygon. The previous bestalgorithm
usesthe polygon’s visibility graphandhencerunsin worse
caseO(n?) time [1]. Relatedwork includes Arkin et al’s
O(n?) algoithm for testingif asimplepolygonhasaHamil-
toniantriangdation[1], a problemwhichwaslatersolvedin
O(nlogn) time [2], andthenoptimdly in O(n) time [5].
The latter two algorithis actually identify all vertex pairs
admitting a discrete straight walk, which is similar to a se-
querial walk exceg that on a guards turn he may move
forward oneor more vertices.In [2], Narasimhamotesthat
a polygon hasa discretestraightwalk iff it hasa Hamilto-
niantriangulation,andhe gives anO(n) algoithm for con-
structinga Hamiltoniantriangulation given ary vertex pair
thatadmitssucha walk. He alsoshaws thata Hamiltonian
triangulationcanbe madesequentiaby addingat mostn /2
Steinermpoints. A relatedbut harcer prodem is thatof deter
mining if a trianguated surfacemodelcanbe deconposed
into k& sequentiatristrips, wherea sequentiatristrip is a se-
querce of adjacehtriangleswith alternatiry left/right turns.
This problem hasbeenshovn to be NP-complet€9], and
heuistics have beendeveloped|[6] [7].

1.1 Notation

We describeour algoithm from the perspetive of compu-
ing sequetial walks. In a walk, the guardmoving in the
clockwise (cowunterclockwise) direction is called the le ft
(right) guard A vertex admitsa sequetial walk if there
exists a sequetial walk startingat that vetex. Eachver-
tex admitsat mosttwo sequentiaivalks. Theleft sequetial
walk (right sequentialvalk) beginswith theleft (right) guad
makirg thefirst move. Becausdhe guads alternatelymove
forward onevertex at a time until they meet,the restof the
walkis fixedoncethefirst move hasbeenmade.For asimple
polygon, P, let vy, vy, ...,v,—1 beits verticesin clockwise
order. Addition andsubtractio on subscrips of thevertices
aremodulo n. Notethatthereis aleft (right) sequentialvalk
from s to t iff the reverseof thatwalk from ¢ to s is also
sequetial.

Two points z and y on P’s bourdary divide it into
two chains. Thefirst, C...,(z,y), exterds in the courter-
clockwise directian from z to y, andthe secondC .., (z, )
exterds in the clockwisedirectionfrom z to y. An open
chainis the chainminusits two endmints. For reflex ver-
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Left Turn Right Turn

Figurel: Left andright turn.

tex v; € P, theclockwiseshotS..,,(v;) is thefirst poirt of
P encainteredby a “bullet” shotfrom v; in the directionof
theray v; v;. TheshotS..,(v;) is definedsimilarly — see
Figure3. Wilog, we will assumehe verticesarein geneal
positionsothatnothreearecollinear

2 Vertices Not Admitting Sequential Walks

Surraundingeachreflex vertex of P is acontigwousintena
of verticesthatdo not admitsequentiaivalks. Considerfor
exampe vertex vg in Figure3. Noticethatthefirst half of the
verticeson Ceew (Vo, Secw(v0)) (Vetticeswvg, vy, v14) admit
neithera left nor aright sequetial walk. Walks originating
atthesevetticesresultin the left guad “turning the corner”
at vy before theright guardpasseghe poirt S ..., (vo), thus
causingthe guads to lose sight of one another Similarly,
we canrule out left andright walks for the first half of the
verticeson C., (vg, Sew(vo)) (verticesvy andvy). Because
the numbe of verticeson C'.,, (vo, Scw (v0)) is 0dd,we can
alsorule outaright sequentialvalk startingat vertex vs.

If aleft (right) sequentialalk startingfrom a vertex is
ruledout, thenthereverseof thatwalk canalsoberuledout.
For vertex vg in Figure3, thismeansve canalsorule outleft
andright sequentialvalks startingat verticesuvg, vg, v7, and
vg (Wherw,vg, v15, andvi4’s sequetial walkswould have
terminatedl. In addition,we canrule out a right sequetial
walk startingat vertex v1o (Wherewv,'s right sequentiaivalk
would have terminategl

In geneal, for eachreflex vertex v; of P, we canrule out
left andright walks for two contiguousintenvals of vertices
(oneof which includesv;) andup to four additicnal walks
(eithera left or aright walk) startingfrom verticesthatare
adjacento theseintenvas. Giventhetwo edgeshit by v;’s
shotpoints,thestartingandendirg vertex indicesfor thetwo
intervas andthe up to four additioral verticescaneasilybe
calculatedin O(1) time usingmoduo arithmetic. We will
needto referto thesequetial walksthatarenot ruledoutin
thisway. A vertex whoseleft (right) sequentialvalk is not
ruledoutwill becalleda L (R) vertex. A vertex canbeboth
a L anda R vettex if neitherwalk is ruledout.

Figure2: A sequetial triangudation. Verticess and¢ of
thecorrespndirg sequetial walk aremarked. Notetheleft
guad makesthefirst move.

3 Algorithm

In the next sectionwe will provethatevely L (R) vertex ad-
mits a left (right) sequentialvalk. Oncethatis established,
thealgoithm for identifying the L and R verticesis simple:
It first marks eachvertex asbotha L and R vertex. These
marks will be selectvely removed shortly It then prepo-
cesseghe polygonin O(n) time so that the first edgehit
by a ray canbe found in O(logn) time [8]. For eachre-
flex vertex v;, it deternines the two edgeshit by S, (v;)
andS.., (v;) andcalculateshe startingandendingindices
of thetwo intervalsandthe upto four addtional verticesfor
which sequetial walks canberuled out. It removesthe L
or R markfrom theup to four verticesnot admittingoneor
theothersequentialvalk. Theintenals,however, mayover-
lap soit is notefficient to remove theseL and R marksuntil
all theintervalshave beencalculated Oncecalculatedthey
canbeconsolidgitedin O(n) timeinto a disjoint setof inter-
vals coveringthe samerange. This is doneby first splitting
intenals that wrap around from v,,_; to v into two non
wrappng intenals,thensortingtheintenvas by their starting
index (usingbucket sort), andfinally making a passthrough
themto consolicatethem. The L and R marlks of the ver-
ticesin thedisjointintenals arethenremoved. Thevertices
retainirg a L or R markadmitsequentialvalks (sequatial
triangulations). Thealgorithm’s ruming timeis O(n log n),
dominatedby thetime to computethe O(n) shotpoints.

4  Proof that L (R) vertices admit sequential walks

It isn’t difficult to seethat startinga walk from a L or R
vertex preventsthe situationin which the guard lose sight
of oneanothebecaseoneof themturnsacorneratareflex
vertex (Figure 4a). But it is not appaent why someother
partof thepolygon couldnotobstrict theirview (Figure 4b).
Herewewill shav thatneithersituationcanarise.Wlog, we
will assumehatn is evento simplify the presentatin.

To show thatall L (R) vetticesadmitleft (right) sequen
tial walks, we begin by establishingoourds on whereone
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Figure 3: An exampe of the shot points S..,,(vo) and
Sew(vg) for vertex vg. The two intenals of verticesruled
out by vg aremarked. Also marked aretwo additioral ver
ticeswhoseright sequentialvalksareruledoutby vy.

guardis whenthe otheris stationaryat a reflex vertex dur
ing ablind sequetial walk startingfrom a L or R vertex. A
blind sequentialalk is a sequentialvalk without the vis-
ibility requirenent. Clearly every vertex admitstwo blind
sequentialvalks.

Theorem1 Let s be a L (R) vertex. Consider two
guards starting a blind sequetial walk from s sud that
the left (right) guad males the first move For ead re-
flex vertex v; € P, while one guad is traversing the
edee v;v;11, the other guard will be stationaryat a ver
tex on Cly (v, Seew(v;)).  Similarly, while one guad is
traveising edee v;0;_1, the other guad is at a vertex on
Cccw (Uia Scw (Uz))

Proof. Firstwenotethatthesameguardmusttraverseedges
U;0;—1 andv;v;31 sinceneithers nor ¢t (both of which are
L (R) vettices) can be a reflex vertex. WIlog, assumeit

is theleft guard If s € Clew(vi, Seew(v;)), thenclearly
it mustbe on the secondhalf of the chain. Thusthe right

guardwill passshotpoint S..,,(v;) (andhencebe on chain
Cow(vi, Seew(v))) befae the left guardturns the correr at
vi. If 8 & Ceew(vi,Seew(v;)), thenthe entire path of the
right guardlies in C.y(vi, Scew(vi)). This establisheshe
first claim. Thesecondlaim canbeshowvn similarly by con-
sideringthereverseof thewalk. O

Theorem 2 Lets bea L (R) vertex. Considertwo guards
starting a blind sequentib walk from s sud that the left
(right) guard malesthe first move For ead reflex vertex
v; € P, while oneguad is stationaryat v;, the otherguard
will traveisesomepart of chain C'ey (Sew (Vi) y Secw (vi))-

Proof. Wlog, saythatit is theleft guad thatis stationaryat
v;. Becausdhe guard alternatemoves, whenthe left guard
is stationaryat v;, the right guad is traversing someedge
7;U;-1. Supsefor thesale of contiadictionthatno partof

edget;v;7 is onthechainCey, (Sew (vi), Seew (vi)). Then
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Figure4: In both (a) and(b), the left guardis atv; andthe
right guadis atv;. It is theleft guardsturnto movetov; 1,
but doingsoresultsin theguard losingsightof oneanotter.
We shaw thatneithersituationcanoccu onblind sequential
walksoriginaging ata L or R vertex.

it eitherlies completelyon openchainC'.,, (Scew (vi), vi) OF
Cow(Viy Sew (v3)). If it lieson Cey (Seew (v5), v;), thenwhen
theleft guad next movesalongedgev;v; 11, theright guad
will be stationaryat v;_; andvj—1 & Cew(vi, Seew(vs))-
This contradictsTheoreml. A similar casecanbe madeif

the edgelies on C,(v;, Sew(vi)) by noting that the right
guad is atv; whentheleft guardtraversesv;v;_7. |

Theorem 3 If s isa L (R) verte, thenthereis a left (right)
sequetial walk startingat s.

Proof. Supposéor thesaleof contradictionthatsisa L (R)
vertex, but thereis notaleft (right) sequetial walk starting
ats. Thenif thetwo guard wereto attempta left (right)
sequetial walk from s, they would eventwally reachvertices
v; andv; suchthateitherit is the left guards turn to move
butv;41 andv; arenotvisible to eachother or it is theright
guad’s turn to move but v;_; andv; arenotvisible. Con-
sider the first situationin which it is the left guad’s turn
to move. Ther aretwo possiblescenaris thatmight cause
viy+1 andv; to notbevisible—eitherwv; is areflex vertex such
thattheinteriorangleZv;41v;v; is greatethan180degrees,
or somepart (or parts)of chainCc,, (viy1,v;) cutsthrough
theline of sightbetweerv;;; andv;. SeeFigure4.

The first scenariocontralicts Theoreml. In the second
scenarig considera line passingthrough v; 1 andv;. Us-
ing a parallelsweepmove thisline down until it reacheshe
lastvertex on the part(s)of C.,, (vit1,v;) thatcutsthrough
theline of sight. Let r bethatvertex, andnotethatit must
be a reflex vertex. (SeeFigure4hb) Noticethatshotpoints
Sew(r) andSec.,(r) areon the openchain Cecy (vig1,v;).
By theorem2, if this walk were contirued as a blind se-
querial walk, when one guard evertually reacles vertex
r, the other guardwould traversesomepart of the chain
Cew(Sew(T), Seew(r)). But herethis is impossible since
Cew(Sew(r), Seew(r)) C Cecw(vit1,v5), whichhasalreay
beentraversed O
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5 Conclusions

Herewe provide anew O(n log n) algoiithm thatdetermires
all sequentiatriangulationsof a simpleinput polygon. The
algorithm is simpleandasymptoticallyfasterthanprevious
algorithms. It is still anopenquestionf this prodem canbe
solvedin O(n) time.
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