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A Stronger Version of Barany's Theorem in the Plane *

KhaledElbassioni

Abstract

We prove thatgivenary 3 setsS;, S2 andSs of pointsin
theplaneeachcontainig agivenpoirt Z € R? in its corvex
hull, we canalwaysfind 2 disjointsetsT;, 7o C S1US>US3
eachof which containsZ in its convex hull, suchthat|T’; N
Sj| < 1fori =1,2andj = 1,2,3. This strengtheathe
two dimensiol versionof atheoemof |. Barany.

1 Introduction

A theoremof |. Barary [1, 2] stateghatgiven d + 1 setsof
pointsSy,...,S4:1 C R? andapoirt Z € R?, suchthat
Z € conv S;, fori = 1,...,d + 1, thereexist pointsv; €
Sl, -..,Ug41 € Sd+1 suchthat Z € COHV{Ul, ce, ’Ud+1}.
Whend = 2, we shall prove the following stronger state-
ment.

Theorem 1 Given 3 sets of points Sy, S», 53 C R? and a
point Z € R?, suchthat Z € conv S;, for i = 1,2, 3, there
exist distinctpoints vy, vy € Si, va,vh € Sy, and vz, v} €
S3 suchthat Z € conv{v, vs,v3} N conv{v], vy, v}

Furthemore,we shallgive anexanple, for d = 3, shav-
ing thatananaloge of Theaem1 doesnotholdin geneal.

2 Proof of Theorem 1

First, we may assumewithout loss of geneality, that the
pointsof thesetsS;, S3, S3 arelocatedontheunit circle, by
projeding thesepoints onthe circumfeenceof thecircle.
Secong by Caratleodry Theoem (see[3]), we may as-
sume without lossof genertity, thatthe cardinalityof each
setS; is atmost3, for i = 1,2, 3. In fact, we canfurther
assumehat|S;| = 3, fori = 1,2, 3, sincewe canextend
S; with acopy of anarbitrarypointin S; if |\S;| = 2. Thus,
we assumen therestof this sectionthatwe aregiventhree
triangleswhosevetticeslie onthecircumfaenceof acircle,
suchthateachof themcontainghe centerof thecirclein its
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interior. For corvenierce, let us assumehat the threever
ticesof eachtriande are colored with a distinctcolor (red
blue andgreer). In otherwords,the verticesof onetrian-
gle arered, thoseof the secondare blue, andthoseof the
third aregreen Thus, whatwe needto show is that, out of
thesenineverticeswe cangettwo triangleseachformed by
threeverticesof different colors,suchthateachof thesetwo
triangdes containghe centerof thecircle in its interior.

Consideran arbitraly diameterof the circle. Lets name
theverticesof thethreegiventrianglesby theinitials of their
colors, andmorewer namethe verticesabove the diameer
with capitalletter (R, B andG) andthosebelov thediame-
ter with smallletters(r, b, andg). Next, replaceeachpoint
belov the diametemwith anoppositepoint above the diame-
ter (i.e. the otherpoint on the circumfeencethatlies on the
diamete formed by this point). We call this point the im-
ageof thefirst one. Let S be the sequene of the resulting
nine poirts, sortedby the anglebetweenthe radiusformed
by eachof thesepoints and the selecteddiameter Since
eachof the threetrianglescontainsthe centerof the circle
in its interior, it follows that the sequenceS containsas a
subseqance,for eachof the threecolors, eitherone small
initial betweentwo capitalinitials or one capitalinitial be-
tweentwo smallinitials. For example for the red triande,
we have eitherthe subsequere R, r, R or the subsequere
r, R,r. Assume withoutlossof geneality, thatS contains
more capitalinitials thansmallinitials. It follows thatthere
areeither6 capitalsand3 smalls(we call sucha sequene
the (6, 3)-seqence)or 5 capitalsand4 smalls(we call such
a sequene the (5,4)-seqence). We may assumewithout
lossof generality thatS contairs the subsequete R, r, R,
thesubseqganceB, b, B, andeitherthesubseqanceG, g, G
or g,G,g. Oneway, to prove our theorem is to enume-
ateall the %:3, possibilitiesfor the (6, 3)-seqences,and
the %:3, possibilitiesfor the (5, 4)-seqencesfor atotal of
3360 possibilities.Next, we give a preciseproofthatthethe-
oremworks, by reducirg thesecasego a small numter of
enunerations. For eachof the possibilities,we gettwo tri-
angles theverticesof eachsatisfyingtheabove requrements
(three different colors;onesmallbetweertwo capitalsor one
capitalbetweertwo smalls).

A. The (6,3)-sequences

From the abore discussion,it follows that ary (6, 3)-
sequene bagins and endswith capital initials. Assume,
without lossof geneality, thatit begins with R.
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case 1. The sequence S ends with R:

If b comes befae g in S, the two claimedtriandes are
R, b,G (thisG comesafterg andhene afterb) andB, g, R
(this B comesbefae b andhene before g). By symmetryif
g comeshefor b, thetwo triandesareR, g, B andG, b, R.

case 2. The sequence S does not end with R:

We mayassumewithout lossof geneality, thatS endswith
a B. Assumethatthe first triangleis R, g, B (the first R
andthelast B). It follows thatwhatis left from S is three
subseqgences:the subsequere r, R, the subsegenceB, b,
andthe subsequere G, G. Thereare6 possibilitiesputting
thefirst two togetter:

1. B,r,b,R.
. B,b,r,R.
., R,B,b.
.r,B,R,b.
. B,r,R,b.
.r,B,b,R.

o 0o~ WN

Forthefirst 4 possibilities addirg G arywheein thesub-
sequene, we can shav, by enumeation, that we can al-
ways find the secondtriangle. For examge, addingG to
the first subseqance B, r, b, R, the possibilitiesare: the
subseqgance G, B,r,b, R with triande G,b, R, the sub-
sequene B,G,r,b, R with triande G,b, R, the subse-
querce B, r,G,b, R with triangleG, b, R, the subseqgance
B,r,b,G, R with triangle B,r,G, and the subseqgance
B,r,b, R,G with triande B, r,G.

For the lasttwo subsequeces:WhenG comesbefore B
orrin B,r,R,b,orafterbor Rinr, B,b, R, wewill notbe
ableto getthe secondriangle. For suchcasesthereare8
possibilitiesfor S. We enuneratethesecasedogethe with
thecorrespadingtrianglesin Tablel.

S Tri. 1 Tri. 2
1| R,G,9,B,G,7,R,b,B | R,g,B | G,7,B
2| R,G,9,G,B,",R,b,B | R,g,B | G,r,B
3|R,G,B,9,G,7",R,b,B | B,g,R | G,r,B
4| R,B,G,9,G,7,R,b,B | B,g,R | G,r,B
5| R,r,B,b,G,R,9,G,B | R,9,B | R,b,G
6 | R,r,B,b,R,G,9,G,B | R,g,B | R,b,G
7| R,7,B,b,G,g,R,G,B | B,g,R | R,b,G
8 | R,r,B,b,G,9,G,R,B | B,g,R | R,b,G

Tablel: ThesequeneS andthecorrespondiry two claimed
triangles.

Note that the sequence5 — 8 areobtaina from the se-
querces1 — 4 by reversing eachsequene, and swapping
every R with B andeveryr with b.

B. The (5,4)-sequences

Defineanalternatiry (5,4)-sequeneto be a sequencevith
5 capitalsand4 smallsthatalternatewith eachother More
preciselyin sucha sequene, every smallimmediatelyfol-
lowsacapitalandimmedately precedesnotlercapital. The
following lemmaimpliesthatunlessa (5, 4)-sequeneis al-
ternatirg, we cancorvertit into a (6, 3)-sequene.

Lemma?2 Given a (5,4)-sequence that is non-alternating,
we may change the corresponding diameter to get a (6, 3)-
sequence.

Proof. Sincethe sequencés non-dternating,thereexist
two points on onesideof the diametemwith no pointon the
othersidewhoseimagelies betweerthemon the circumfe-
ence.Rotatethe diameterntil it almosttouches thefirst of
suchtwo points. Usingthe new diameter we eithergeta
(6,3)-seqience or othemwise we geta (5, 4)-seqence. For
thelattercasewe still rotatethe diameteruntil it passeshe
two points(andno otherpoints)to geta (6, 3)-seqence. O

Whatremairsis to checkthe (5, 4) alternatingsequenes.
Assumewithout lossof generdity, thatsuchsequenesstart
with R andcontainthe subseganceg, G,g. Thereare22
such possibilitiesfor S, eachwith 3 (not only 2) of the
claimedtriangles. We enuneratethesecasesogetter with
thecorrespondig triandesin Table2.

Notethatthe sequenes6 — 10 areobtanedfrom the se-
guercesl — 5 by reversingeachsequene, andswappirg ev-
ery R with B andeveryr with b. Also, thesequenes15—18
areobtairedby reversingeachof thesequenesi1 — 14.

3 A 3-dimensional counter example

Theaem 1 cannd be generally extenced to sets of 3-
dimesiional points, as the following exanple illustrates.
Let v, = (1,0,0), v = (-1,0,0), v3 = (0,1,0),
Vg = (05_150)! U5 = (anal)! Vg = (ana_l)! vr =
(_17_17_1)! Vg = (1517_1)! Vg = (15_151)! V10 =
(—1,1,1). Let S = {’1)1,’1)2}, Sy = {’1)3,1)4}, S3 =
{U5,U6}, Sy = {’1)7,’1)8,1)9,1)10}, andZ = (0,0, 0) (seeFig-
urel). Then,clearly Z € conv S;, fori = 1,...,4. Fur
thernore,ary two setsTy, T> C S; US> U S3U Sy, suchthat
Z € conv T; and|T;NS;| < 1,fori=1,2andj = 1,2,3,4,
mustalsohave T) N T> # 0. Indeed,conside ary two such
setsT; andT». It is easyto verify that |T; N S;| = 1, for
alli = 1,2andj = 1,2,3,4. Then,thereareonly four
possibilitiesfor eachof T, andT5, namely{vy, vs, vs,v7},
{va,vs,v8,v9}, {v1,v3,v6,v9}, OF {v1,v4, 6,10} But,N0O
two of thesefour setsaredisjoint.

It is worthmentiming thatwhetterthe stronger versionof
Barany’'s Theoemholdsor notcanbe verified,for ary fixed
dimersiond, by acompuer progam, usingsimilar ideasto
thosewe gavefor d = 2.
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Figure1: An exampleshaving that Theaem 1 canna be
extencedto 3 dimersions.



