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We prove that given any 3 sets ��� , ��� and ��� of points in
theplaneeachcontaining agivenpoint ����� � in its convex
hull, wecanalwaysfind 2 disjointsets��� �!���#"$�%�'&����(&)���
eachof which contains� in its convex hull, suchthat * �,+.-
�0/�*�132 for 46572'�98 and :;5<2=�>8��@? . This strengthens the
two dimensional versionof a theoremof I. Báŕany.
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A theoremof I. Báŕany [1, 2] statesthatgiven MONP2 setsof
points � � �RQSQRQR�>��T>U �WV � T anda point �X�P� T , suchthat
�Y�[ZR\=]_^`��+ , for 4�5a2=�SQRQRQR�@MbNc2 , thereexist points d(�e�
�f� �RQRQSQR�@d T>U �g�h� T>U � suchthat �i�jZR\=]_^.kSd_�l�SQRQRQR�!d T>U �lm .
When M[5n8 , we shall prove the following stronger state-
ment.

Theorem 1 Given 3 sets of points � � �9� � �9� �oV � � and a
point �p�q� � , such that �p�qZE\=]_^`�f+ , for 4`5r2'�98(�@? , there
exist distinct points d_���!d_s� �$�%� , d=���!d_s� �t��� , and d'�=�!d_s� �
��� such that �P�uZE\']_^0kvd_�l�@d����!d��=mw-xZE\=]_^.kvd�s� �!d_s� �!d_s� m .

Furthermore,we shallgive anexample, for Mx5h? , show-
ing thatananalogue of Theorem1 doesnothold in general.
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First, we may assume,without loss of generality, that the
pointsof thesets��� �>�����>��� arelocatedontheunit circle,by
projecting thesepoints onthecircumferenceof thecircle.

Second, by Carath́eodory Theorem(see[3]), we mayas-
sume,without lossof generality, thatthecardinalityof each
set � + is at most ? , for 4�5X2=�>8��@? . In fact, we canfurther
assumethat * � + *�5�? , for 4�5X2'�98(�@? , sincewe canextend
� + with a copy of anarbitrarypoint in � + if * � + *(5�8 . Thus,
we assumein therestof this sectionthatwe aregiventhree
triangleswhoseverticeslie on thecircumferenceof a circle,
suchthateachof themcontainsthecenterof thecircle in its

�
Theresearch of thefirst andthird authorswassupportedin partby the

National ScienceFoundation, grant IIS-0118635. The third author is also
grateful for thepartial supportby DIMACS,the National ScienceFounda-
tion’s Center for Discrete MathematicsandTheoretical Computer Science.�

RUTCOR,RutgersUniversity, 640Bartholomew Road,Piscataway NJ
08854-8003,elbassio@rutcor.rutgers.edu�

Computer Science Department, Alexandria University, Alexandria,
Egypt,elmasry@alexeng.edu.eg�

RUTCOR,RutgersUniversity, 640Bartholomew Road,Piscataway NJ
08854-8003,gurvich@rutcor.rutgers.edu

interior. For convenience, let us assumethat the threever-
ticesof eachtriangle arecolored with a distinct color (red,
blue andgreen). In otherwords, the verticesof onetrian-
gle are red, thoseof the secondareblue, andthoseof the
third aregreen. Thus, whatwe needto show is that,out of
theseninevertices,we cangettwo triangleseachformed by
threeverticesof different colors,suchthateachof thesetwo
trianglescontainsthecenterof thecircle in its interior.

Consideran arbitrary diameterof the circle. Lets name
theverticesof thethreegiventrianglesby theinitials of their
colors, andmoreover namethe verticesabove the diameter
with capitalletter �����9� and �O� andthosebelow thediame-
ter with small letters ��� �9� � and ��� . Next, replaceeachpoint
below thediameterwith anoppositepoint above thediame-
ter (i.e. theotherpoint on thecircumferencethat lies on the
diameter formed by this point). We call this point the im-
ageof thefirst one. Let � be the sequence of the resulting
nine points, sortedby the anglebetweenthe radiusformed
by eachof thesepoints and the selecteddiameter. Since
eachof the threetrianglescontainsthe centerof the circle
in its interior, it follows that the sequence� containsasa
subsequence,for eachof the threecolors,eitheronesmall
initial betweentwo capital initials or onecapital initial be-
tweentwo small initials. For example, for the red triangle,
we have eitherthe subsequence ���@� �@� or the subsequence
� �@���@� . Assume,without lossof generality, that � contains
more capitalinitials thansmall initials. It follows that there
areeither � capitalsand ? smalls(we call sucha sequence
the ���(�9?'� -sequence),or � capitalsand � smalls(wecall such
a sequence the ���(�!��� -sequence). We may assume,without
lossof generality, that � contains the subsequence ���@� �@� ,
thesubsequence�e�9�l�9� , andeitherthesubsequence���
�.�@�
or �.�@���
� . One way, to prove our theorem, is to enumer-
ate all the �>�� � � � � � possibilitiesfor the �����@?'� -sequences,and
the �
�� � � � � � possibilitiesfor the ���(�!�_� -sequences,for a total of
?=?'�=  possibilities.Next, wegiveapreciseproofthatthethe-
oremworks, by reducing thesecasesto a small number of
enumerations.For eachof thepossibilities,we get two tri-
angles theverticesof eachsatisfyingtheaboverequirements
(threedifferent colors;onesmallbetweentwocapitalsorone
capitalbetweentwo smalls).
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From the above discussion, it follows that any ���(�@?�� -
sequence begins and endswith capital initials. Assume,
without lossof generality, thatit begins with � .
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If � comes before � in � , the two claimed triangles are
���9�l�9� (this � comesafter � andhence after � ) and �e�
�.�@�
(this � comesbefore � andhencebefore � ). By symmetry, if
� comesbefore � , thetwo trianglesare ���!�J�9� and ���9�l�9� .
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We mayassume,without lossof generality, that � endswith
a � . Assumethat the first triangle is ���
�.�@� (the first �
andthe last � ). It follows that what is left from � is three
subsequences:thesubsequence � �@� , the subsequence�e�9� ,
andthesubsequence ���@� . Thereare � possibilitiesputting
thefirst two together:

1. �e�!� �>�l�@� .

2. �e�9�l�@� �@� .

3. � �9���@�­�>� .
4. � �9�­�9���>� .
5. �e�!� �9���>� .
6. � �9�­�>�l�@� .

For thefirst � possibilities,adding � anywhere in thesub-
sequence, we can show, by enumeration, that we can al-
ways find the secondtriangle. For example, adding � to
the first subsequence �e�!� �>�l�@� , the possibilitiesare: the
subsequence ���@�­�@� �9�l�9� with triangle ���>�l�@� , the sub-
sequence �­�9���!� �9� �@� with triangle ���9�l�9� , the subse-
quence �e�!� �9���9�l�9� with triangle ���>�l�@� , the subsequence
�­�@� �9�l�9���@� with triangle �e�!� �9� , and the subsequence
�­�@� �9�l�9���@� with triangle �e�!� �9� .

For the last two subsequences:When � comesbefore �
or � in �­�@� �@���9� , or after � or � in � �@�e�9�l�9� , wewill notbe
ableto get the secondtriangle. For suchcases,thereare ®
possibilitiesfor � . We enumeratethesecasestogether with
thecorrespondingtrianglesin Table 2 .

� Tri. 1 Tri. 2
2 ���@���!�J�9�­�9���!� �@���>�l�@� ���
�.�@� ���!� �@�
8 ���@���!�J�9���@�e�!� �@���>�l�@� ���
�.�@� ���!� �@�
? ���@���9�­�!�J�9���!� �@���>�l�@� �e�
�.�@� ���!� �@�
� ���@�e�@���!�J�9���!� �@���>�l�@� �e�
�.�@� ���!� �@�
� ���!� �9�­�>�l�@���9���!�J�9���@� ���
�.�@� ���9�l�9�
� ���!� �9�­�>�l�@���@���!�J�9���@� ���
�.�@� ���9�l�9�¯ ���!� �9�­�>�l�@���!�J�9���9���@� �e�
�.�@� ���9�l�9�
® ���!� �9�­�>�l�@���!�J�9���@���@� �e�
�.�@� ���9�l�9�

Table1: Thesequence � andthecorresponding two claimed
triangles.

Note that the sequences ��°$® areobtained from the se-
quences 2�°±� by reversing eachsequence, and swapping
every � with � andevery � with � .

²³¡�}�~��;¢@´�¤¶µ0§@¨
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Defineanalternating ���(�!��� -sequence to bea sequencewith
� capitalsand � smallsthatalternatewith eachother. More
precisely, in sucha sequence,every small immediatelyfol-
lowsacapitalandimmediatelyprecedesanothercapital.The
following lemmaimpliesthatunlessa �·���@��� -sequenceis al-
ternating, we canconvert it into a �����@?'� -sequence.

Lemma 2 Given a �·���@��� -sequence that is non-alternating,
we may change the corresponding diameter to get a ���(�9?'� -
sequence.

Proof. Sincethe sequenceis non-alternating,thereexist
two points on onesideof thediameterwith no point on the
othersidewhoseimagelies betweenthemonthecircumfer-
ence.Rotatethediameteruntil it almosttouches thefirst of
suchtwo points. Using the new diameter, we eitherget a
�����@?�� -sequence,or otherwisewe geta ���(�!�_� -sequence.For
thelattercase,we still rotatethediameteruntil it passesthe
two points(andnootherpoints)to geta ���(�@?�� -sequence. ¸

Whatremains is to checkthe �·���@��� alternatingsequences.
Assume,without lossof generality, thatsuchsequencesstart
with � andcontainthe subsequence �J�9���
� . Thereare 8'8
such possibilities for � , eachwith ? (not only 8 ) of the
claimedtriangles. We enumeratethesecasestogether with
thecorresponding trianglesin Table 8 .

Notethat thesequences �b°t2v  areobtainedfrom these-
quences 2�°¹� by reversingeachsequence,andswapping ev-
ery � with � andevery � with � . Also, thesequences 2l��°º2S®
areobtainedby reversingeachof thesequences 2=2|°[2R� .
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Theorem 1 cannot be generally extended to sets of 3-
dimesnional points, as the following example illustrates.
Let d'�i5 �!2=�@ ��@ �� , d��¿5 �!°62=�@ ��@ �� , d��¿5 �� (�R2'�@ �� ,
d ÀP5Á�� (�S°62=�9 '� , d�ÂP5Á�� (�9 (�S2v� , d�ÃP5Á�� ��@ (�S°62v� , d�Ä±5
�
°62'�R°62'�R°62v� , d�Åj5Æ�
2=�S2=�S°62v� , d � 5Ç�
2=�S°62=�S2v� , d'�
Èc5
�
°62'�R2'�R2v� . Let � � 5ÉkSd � �!d � m , � � 5Ékvd � �!d À m , � � 5
kSd Â �!d Ã m , � À 5�kvd Ä �!d Å �!d � �!d �
È m , and ��5p�� (�9 (�9 '� (seeFig-
ure1). Then,clearly, �Ê�$ZR\=]_^`� + , for 4#572=�SQRQRQR�!� . Fur-
thermore,any two sets� � �!� � "[� � &O� � &O� � &O� À , suchthat
�P�uZE\']�^,� + and * � + -��0/_*_1P2 , for 4Ë5j2'�98 and:�5h2=�98(�@?��!� ,
mustalsohave � � -¹� �ºÌ5jÍ . Indeed,consider any two such
sets � � and � � . It is easyto verify that * � + -g�0/�*Ë5X2 , for
all 4x5Î2=�>8 and :Ï5Î2=�>8��9?(�!� . Then, thereareonly four
possibilitiesfor eachof ��� and ��� , namely kSd��l�!d��=�!d�Â=�!d�Ä=m ,
kSd À'�!d�Â=�!d�Å��@d � m , kvd'�l�@d��=�@d�Ã��@d � m , or kSd�� �!d À'�!d�Ã��@d'�GÈ'm . But, no
two of thesefour setsaredisjoint.

It is worthmentioningthatwhetherthestrongerversionof
Báŕany’s Theoremholdsor notcanbeverified,for any fixed
dimension M , by a computer program,usingsimilar ideasto
thosewegavefor M�5P8 .
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� Tri. 1 Tri. 2 Tri. 3
2 ���@� �@���
�.�@�e�9�l�9���
�.�@� ���
�.�@� � �@�e�
� ���9�l�9�
8 ���@� �@�­�>�l�@���!�J�9���
�.�@� ���
�.�@� � �@�e�
� ���9�l�9�
? ���@� �@�­�!�J�9���9�l�9���
�.�@� ���
�.�@� � �@�e�
� ���9�l�9�
� ���@� �@�­�!�J�9���9�l�9���
�.�@� ���
�.�@� � �@�e�
� ���9�l�9�
� ���!�J�9�­�!� �9���9�l�9���
�.�@� ���
�.�@� �.�@�e�!� ���9�l�9�
� ���!�J�9���!� �@���!�J�9�­�9� �@� ���
�.�@� �.�@���9� ���!� �@�¯ ���!�J�9���
�.�@�­�@� �@���9� �@� ���
�.�@� �.�@���9� ���!� �@�
® ���!�J�9���!� �@�e�
�.�@���9� �@� ���
�.�@� �.�@���9� ���!� �@�Ð ���!�J�9�­�!� �9���
�.�@���9� �@� ���
�.�@� �.�@���9� �­�!� �9�
2S  ���!�J�9���!� �@�e�9�l�9���
�.�@� ���
�.�@� �l�9���
� ���!� �@�
2=2 ���@� �@�­�>�l�@�e�
�.�@���!�J�9� ���9�l�9� � �@�e�
� �­�!�J�9�
2v8 ���@� �@�­�!�J�9���9�l�9�­�!�J�9� ���
�.�@� � �@�e�
� ���9�l�9�
2S? ���!�J�9�­�9� �@�­�@� �@���!�J�9� ���9�l�9� �.�@�e�!� �­�!�J�9�
2R� ���!�J�9�­�9� �@���!� �9�­�!�J�9� ���
�.�@� �l�9���!� �­�!�J�9�
2v� ���!�J�9���
�.�@�­�>�l�@�e�!� �9� ���9� �@� �.�@�e�!� ���
�.�@�
2S� ���!�J�9�­�9� �@���
�.�@�e�!� �9� �­�!�J�9� �.�@�e�!� ���9�l�9�
2 ¯ ���!�J�9���!� �@�e�9�l�9�­�!�J�9� ���9� �@� � �@�e�
� ���
�.�@�
2S® ���!�J�9�­�!� �9���9�l�9�­�!�J�9� �­�!�J�9� � �@���>� ���
�.�@�
2 Ð ���@� �@���
�.�@���!�J�9�­�9� �@� ���
�.�@� � �@���>� ���
�.�@�
8�  ���@� �@�­�!�J�9���
�.�@���9� �@� ���
�.�@� � �@���>� �­�!�J�9�
8�2 ���!�J�9�­�9� �@���!� �9���
�.�@� ���
�.�@� �l�9���!� ���
�.�@�
8=8 ���!�J�9�­�!� �9���9�l�9���
�.�@� ���
�.�@� � �@���>� ���
�.�@�

Table 2: The sequence � and the corresponding three
claimedtriangles.
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Figure1: An exampleshowing that Theorem 1 cannot be
extendedto 3 dimensions.
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