16th Canadian Conference on Computational Geometry, 2004

Approximating Smallest Enclosing Disks

FrankNielsert

Abstract

We describea shortandfastalgorithmfor finding arbitrarily
fineappoximatiors of thesmallesenclosingliskof aplanar
point/dsk set.Experinentalresultsof animplementationare
presented

1 Introduction

The smallestenclosingdisk (SED for short) prablem dates
back to 1857 when J. J. Sylvester[7] first asled for the
smallestdisk enclosingn points on the plane. Although
O(nlogn)-time algoithms were designedfor the planar
casein the early 1970s [4, 6], the prablem complity was
only settledin 1984 with N. Megiddo’s first linear time al-
gorithm [3] for solvinglinear progiamsin fixed dimersion.
Unfortunately thesealgorithns exhibit a large constanhid-
denin the big-Oh notationand do not perfom so well in
practice. E. Welzl [8] developeda simplerecusive O(n)
randamizedalgoiithm for point sets,called"move-to-front”
heuristic,thatis often usedby praditioners(seeSection6).
Recently Fischeret al. [2, 1] descriled a pivoting scheme
resembliig thesimplex methodfor linearprogrammirg that,
despiteno theoetical time bourds (besidegyuaanteeder-
minatior), cantackle exactly prodemsin large dimensios
for ball sets. Computirg smallestenclosingdisks are use-
ful for metrolay, machinelearningand compuer graphcs
prodems. Fastconstantapproimation heuristicsare pop-
ular in compuer graplics [5]. Our pape aims at design-
ing a fastdetermiristic (i.e., worst-casdime bounded)ap-
proximationalgoithm thatis suitablefor real-timedemarl-
ing applicatiors. Sincethey gainin speedasthe precision
requiementdecreaes, appoximatin algoithms are well
suited for suchpurpses. Our simple implementéon for
point/dsk setsis a mere30-line C codewhich doesnot re-
quireto compute the basicprimitive of the smallestdisk en-
closingthreedisks. In fact, surprisindy, we exhibit a robust
apprximation algorithm usingonly algebraicpredcatesof
degree 2 using integer arithmeic. Moreover, as shovn in
Section6, our floating-mint implemantationoutperforms or
fairly competeswith traditionalmethod while guaanteeing
worst-casegerminatio time.
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Figure 1. Covering/piercirg duality for a point set.

Points P;, P,, P; are associatedto correspading disks
By (r),Ba(r), Bs(r) such that C(B;(r)) = P; and
r(Bi(r)) = rfori € {1,2,3}. Wehave By (r*) N Ba(r*) N
Bs(r*) = {C*}. Forr > r*, thereexists a disk of radius
r —r* fully contanedin By (r) N By(r) N Bs(r). Inset: SEB
of 10 points(green),DP(1.2r*) (purple) andenclosedall
(red of radius 0.2r*.

2 Piercing/Covering Duality Principle

We consider the geneal case of a disk set D =
{D; = Disk(P;,r;),i € {1,...,n}} to explain the pierc-
ing/covering duality. Our appoximation algorithm proceeds
by solving dual piercingdecisionproblems(DPsfor short;
seeFigurel): givenasetof correspndingdualdisksB(r) =
{B; = Disk(P;,r —r;),i € {1, ...,n}}, determire whetter
NB(r) =N, B; = { ornot.

Lemmal Observethatfor r > r*, there existsa (unique)
disk B of radiusr(B) = r — r+ centeedat C(B) = C*
fully contanedinsidenB.

Proof. In orderto ensurethatC* is insideeachB;(r), a
sufficiert cordition is to have r > max;{r; + d2(P;,C*)}.
Since B; C Disk(C*,r*),Vi € {1,2,..,n}, we have
max;{r; +da(P;,C*)} < r*(x). Thus,providedr > r*, we
have C* € NB(r). Now, noticethatVi € {1,2,...,n},V0 <
' < (r —r;) — dao( P, C*),Disk(C*,r") C B;(r). Thus,
if we ensuethatr’ < r — max?, (r; + d2(FP;, C*)), then
Disk(C*,r") C nB(r). Fromineq. (x), we chooser’ =
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r — r* andobtainthe lemma (seeFigure 1). Uniqueness
follows from the prod by contradction of [8]. |

3 Approximating SED of Points

LetP = {P; = (%;,¥i),% € {1,...,n}} beasetof n planar
points. We usenotationsz(P;) = z; andy(P;) = y; to
referto point coadinates.Let D* = Disk(C*,r*) bethe
unique smallestenclosingdisk of P of centerpoint C* =
C(D*) (alsocalledcircumenteror Euclideanl-certer) and
minimum radisr* = r(D*). Wewantto compitea (1+¢)-
appraimation thatis, adisk Disk(C, r) suchthatr < (1+
e)r* andP C Disk(C,r).

3.1 Solving Decision Problems

We relax the 1-piercing point problem to that of find-
ing a comma piercirg er*-disk (i.e., a disk of radius
er*): Namely repot whethe there exists a disk B =
Disk(C,er*) suchthat B C NB(r) or not. More precisely
the procedire below eitherfinds a comnon piercirg poirt
in NB(r), or guamnteeghatno er*-disk piercenB(r). Let
[Zm, z ] beaninterval onthez-axiswhereaner *-disk cen-
ter might be locatedif it exists. (Thatis z(C) € [zm,zur]
if it exists.) We initialize x,,, x5 asthe z-abscissaex-
trema: z,, = max;{z;} —r, zpy = min;{z;} + r. If
zm < x, thenclearlyverticalline L : z = W sepa-
ratestwo extremumdisks(nanely thosewhosecorrespond-
ing centersgive rise to z,,, andzs) andtherebre B(r) is
not 1-pierceable(and not er *-disk pierceake). Otherwise,
thealgorithm proceed<y dichadomy (seefFigure2). Lete =
w andlet L dendesthevetticalline L : z = e. Dende
by B, = {B;NL|i € {1, ...,n}} thesetof n y-intevalsob-
tainedasthe intersectio of the disksof B with line L. We
checkwhetherB, = {B; N L = [a;,b;]|i € {1,...,n}}is1-
pierceale or not. SinceBy, is asetof n y-intervals, we just
needto checkwhethemmin; b; > max; a; or not. If NBL #
@, thenwe have founda piercirg point (e, min; b;) in thein-
tersectiorof all disksof B andwe stoprecusing. (In factwe
found a (z = e,y = [ym = max;a;,ypr = min; b;]) ver
tical piercirg sggmert.) Otherwise we have NBr, = () and
we needto choase on which side of L to recurse.W.l.o.g.,
let B; and B, dende thetwo diskswhosecorrespondimy y-
internvds on L aredisjoint. We chooseo recuseontheside
whereB; N B, is located(if theintersectioris emptythenwe
clearly stopby repoting the two nonintersectingdisks B
andBs). Otherwise B; N B2 # () andwe branchontheside
wherezp, g, = w(C(Bl));”’(C(B"’)) lies. At eachstageof
thedichotanic processwe halve the x-axisrangewherethe
solutionis to belocated(if it exists). We stoptherecursion
assoonaszy — T, < €. Indeedif xy — z, < €5 then
we know that no centerof a disk of radiuser is cortained
in NB. (Indeedif suchadisk existsthenbothNB,(,,.y # 0
andnBy,,,) # 0.) Overall, werecuseatmost3 + [log, 1]
timessincetheinitial interval width 57 — z,,, is lessthan2r*
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Figure2: A recusionstep: L : x = e intersectsall disks.
Two y-intenalsdonotintersecon L. Werecurseonx-range
[6,.Z'M]-

andwe conside 2r* > r > .

3.2 Radius Dichotomy Search

Finding the minimumenclosingdisk radiusamourts to find
thesmallestvaluer € R suchthatnB(r) # 0. Thatis r* =
argmin, N B(r) # 0. We seekfor an(1 + €)-appoximatian
of theminimum enclosingdisk of pointsby doing a straight-
forward dichotamic processon relaxed decisionprodems.
We alwayskeepa solutioninterval [a, b] wherer* lies, such
thatatary stagewe have NB(a — <) = @ andnB(b) # 0.
W.l.0.g, let P; derotetheleftmostx-abscissapoint of P and
let P, € P bethe maximun distancepoint of P from P;.
We have r = do(Py, Py) > r* (sinceP C Disk(Py,r)).
But d2(Py, P;) < 2r* sinceboth P, and P, arecontaine
insidethe unigue smallestenclosingdisk of radius r*. Thus
we have r* € [Z,r]. We initialize the range by choosirg
a=7% <r*andb = r < 2r*. Thenwe solve the {r-

2

disk piercing problemwith disksof radiuse = “TJF” If we

found a conmon piercing poirt for NB(e) thenwe recurse
on [a, e]. Otherwisewe recuseon [e,b]. We stopassoon
asb —a < €%. (Therebreafter O(log, 1) iterationssince
theinitial rangg width b — a < r*). At ary stage we assert
thatNB(a — &) = 0 (by answerig that NB(a) doesnot

contan ary disk of radius ) andB(b) # (. At theendof

therecusionprocess,we getaninterva [a — <, b] wherer*

liesin. Sinceb —a < e < e% and|r* —a| < § < %

(becaiseB(a — ) = (), weget: b < r* + 2¢%. Since
r < 2r*, weobtaina (1 + €)-appoximationof theminimum

enclasing disk of the poirt set. Thus, by solvingO(log , 1)

decisionprodems, we obtaina O (n log3 1)-time determin

istic (1 + ¢)-appoximatian algoithm (seeAlgorithm 1).
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| Methad/Distribution | O Squaremax | O Ringmax || O Squaeavg | O Ringavg ||
D.H. Ebefy (e = 10 °) 0.736 0.6374 0.1%5 0.267
J.Ritter (e > 0.15) 0.0070 0.069 0.0049 0.0049
ASED (e = 1072) 0.0:3 0.038 0.0205 0.0286
ASED (e = 10_3) 0.0515 0.0444 0.084 0.0495
ASED (e = 1079 0.0646 0.06L7 0.03¢2 0.049
ASED (e = 1(]_5) 0.0719 0.0726 0.0473 0.0227

Tablel: Timings. Experimentsdoneon 100 trials for point setsof size100000. Maximum (max andaverag (avg) ruming

timesarein fractiors of asecond

3.3 Bootstrapping

We bodstrap the previous algoithm in order to get a
O(nlog, %)-time algoiithm. Thekey ideais to shrinkpoten-
tial rangela, b] of r* by selectingteratively differentappro-

imationratiose; until we ensurethat, at kth stageer < €.

Let Disk(C,r) bea (1 + ¢)-appoximation enclosirgy disk.

Obserethat|z(C) — z(C*)| < er*. We updatethe z-range
[zm,za] accordimg to the so far found piercing point ab-
cissaer(C) andcurrert appoximationfactor We startby

solvingthe appraimation of the smallestenclosingdisk for

e1 = 3. It costsO(nlog, &) = O(n). Usingthefinal out-
putrang[a, b], wenow haveb—a < e;r*. Consideks = 5

andreiterateuntil ¢; < e. Theoverallcostof theprocedireis

3 Los <1 O(nlog, 2) = O(nlog, ). We getthefollowing

theoren:

Theorem 2 A (1+e¢)-approximationof theminimumenclcs-
ing disk of a setof n points on the planecan be computed
efficiertly in O(nlog, 1) deterministitime

4 Predicate Degree

Predicatesrethe basiccompuationalatomsof algorithms
that are relatedto their numeical stabilities. In the exact
smallestenclosingdisk algotithm [8], the so-calledinCircle
contairmentpredicde of algebaic degree4 is usedon Inte-
gers. Sincewe only use,/- function to determire the sign
of algebaic nunbers,all computationscanbe dore on Ra-
tionalsusingalgebraiaddegree? (alsoobsevedin [1] in their
Gaussiarelimination). We shav how to replae the pred-
icatesof algebraicdegres! 4 by predcatesof degree 2 for
Integers:"Givenadisk center(x;, y;) andaradius r;, deter
minewhetherapoint(z,y) isinside,onor outsidethedisk”.
It boilsdown to compuethesignof (z—x ;)% +(y—y;)? —r?.
This canbeachiesedusinganotterdichotany searctonline
L : x = . We needto ensue thatif y,, > yur, thentheredo
exist two disjoint disks B,,, and B,,. We reguarly sample

1Comparing expressios y1 + /72— (1 —x1)2 > y» +

r2 — (I — z2)? is of degree4 for Integers. Indeed, by isolating andre-
moving the squareroots by successie squaring,the predicatesign is the
sameas(2r2—(1—z1)2—(1—22)2)2 > 4(r2—(1—-21)2)(r2—(I—=2)?).
Thelastpolynomid hashighest monomialsof degree 4.
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line L suchthatif y,, > yu, thenthereexists a samplirg

poirt in [yar, ym] thatdoesnotbelongto bothdisks B,, and
By. In orderto guaanteethat setting,we needto ensure
somefatnessof theintersectiorof NB(r) N L by recursiy

onthez-axisuntil wehave zpr — z,, < % In thatcase,
we know thatif therewasa commnon er *-disk intersection
thenits centerx-coordinge is inside [z, za]: this means
thaton L, thewidth of theintersectioris atIeast%. There-

fore, a reguar samplingon vertical line L with stepwidth

% guarateesto find a comman piercingpoint if it exists.

A straightfoward implemenation would yield a time com-

plexity O(nllog, ). However it is sufficient for eachof

the n disks, to find the upper mostandbottommostlattice

poirt in O(log, %)-time usingthe floor function. Using the

bodstrappingmethod we obtainthe following theorem

Theorem 3 A (1+e¢)-approximationoftheminimumenclos-
ing disk of a setof n. pointson the plane can be compute
in O(n log, %) time usingInteger arithmeticwith algetraic
predicgesInCircle of deggree?2.

5 Approximating SED of Disks

Our algoithm exterds straightfawardly for setsof disks.
Considera setof n planardisksD = {Dq,..., D,} with
C(D;) = P = (wi,y;) andr(D;) = r;. Let B(r) =
{B;|C(B;) = P; andr(B;) = r —r; }. Usingthedualpierc-
ing principle, we obtainthatr* = argmin, ., N B(r) #
#. (We have C* = nB(r*).) Obsere alsothatr* >
max;e(1,..,n} Ti- INitialization is doneby chosing b =
1+ max;e(1,.. o} (d2(Pr, P) + r;) anda = 2. We now

r2—r24(r14rs)>

letzp,B, = =B, + Nritrs)? (zB, — xB,)-

6 Experimental Results

We compareour implemenation (seepseudocode)with D.
H. Eberly's C++ implementationusing dowble types that
guamnteesprecisione = 10~° and hasexpeded ruming
time 10n but no known worst-casébourd betterthantrivial
O(n!) bourd. We alsocompareourcodewith J. Ritter'scon-
stantappioximation(e ~ 15%) single-pasgreeq heuristic
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Data

Result

tAsetS = {S; = (z5,y:)[i € {1,...,n}} of n
pointsandanappoximatian factore.

: Disk((z,y),r): a(l + €)-appoximationof
theminimumenclosingdisk of S. Thatis we
hare r* < r < (1 + €)r*, wherer* is the
minimum radius of enclosingdisks.

1 TMin = mineqy,.. n} i)
2 TMAT = MaX;e(1,....n} Ti;
3 dy = maxX;eqr,.. 0y ||Si — St

4 b:dl;
5 a:d%—l;
6 €+ ;(b—a)e

7 pierceable = false;
8 qdisjoint = false;
9 whileb — a > € and—pierceable and—qdisjoint do

10
12
13
15
16
17

18
20
21

22
23
24
25
26

27

28

29

30

31
32

33

end

r =
M
Tm

a+b.

2 '
=xmin +r;
=zxmaxr — T,

pierceable = false;

whi

lexy — z, > €do
l — TM+Tm -
2 1
Ym = MaAX;ecf1,...,n} Yi — r2 — (1 —z;)%;
m = argmaX;cq . n1¥Yi — r2 — (I — ;)%

ym = minjeq,. n) ¥i + /12— (1 — 25)2
M = argmine gy 3y + /1 = (1= 20)%
if YM 2 Ym then

=1

Y= ym-‘t2-yM;

pierceable = true;

else

/' m andM arearg indices of y,,, andyas;
if ||Sm — Swml|| > 2(r — €) then
qdisjoint = true;

else
if W > [ then
| Ty = l;
else
| v =1,
end
end
end
end
if pierceablethen
b=r;
else

end

if gdisjointthen

‘ a=Sn_Smll 4 ¢
else

| a=r,
end

Algorithm 1: (1 + ¢)-appoximationalgoithm of the mini-
mumenclosingdisk of a 2d poirt set.

usedin gameprogrammirg [5] (eg., Sphere-Teeconstrie-
tion). Timings are obtaired on an Intel Pentium(R)4 1.6
GHz with 1 GB of memoryfor pointsuniformly distributed
insidea unit squarg(d) andinsidea unit ring of width 0.01
(®). Tablelrepatsourtimings. Theexpetimentsshow that
overathousandsquare/rig rancom point sets,ouralgorithm
maximum time is muchsmallerthanthatof D. H. Eberly’s
(in addition this latteralgorithm requires O (log3 n) calls[8]
to the expensve basicprimitivesof computing the exactcir-
cle passinghrowghthreepoints).
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