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On multi-level k-ranges for range search

SeanM. Falcone *

Abstract

We investigateanimplemertationof themulti-level k-range
datastructue. The/-level k-range is comparedto naive and
R*tree searchover N randanly geneatedk-d points. Re-
sultsindicatethat multi-level k-rargesare not competitive
dueto their (previously unreportedd compexity. We shav
that storageis S(N,k,£) = O(N't2(:=1)/t) and when
N # af whee a and/ are positive integers, S(N, k) =
O(N1+2(k=1)/log; N) - Qur resultsalsoindicatethat the ¢-
level k-range requiresQ(N, k,£) = O((2¢)*~V(log N +
A)) timefor range search.

1 Introduction

Data structues to suppat efficient searchinghave beena
fundamentalresearchareaof conputer sciencefor mary
years. The specificprablem of searchingve areconcened
with is called“orthogond range searching’ We defineor-
thogmal rangesearchasfollows:

Definition 1 For a dataspaceR*, wherek = numbe of
dimensims, orthogonal range seach is defined as find-
ing and repating the set of points X € F (4 = |X]|,
F = setof k dimersional points, |F| = N), such that
for all z; € X, z; intersectsthe queryrectandge W =
{[L1, H1],[La, Hy), ..., [Ly, H)}, where[L;, H;] repre-
sentsa rang for dimersion j of the quey rectande, and
Lj < Hj.

We useP, S, and() to dende the prepocessingime, stor
agespaceandrange searchime, respectiely.

Bentley and Maurer explored the worst-casecomple-
ity of range searchingby introducing three theordical
data structues; k-ranges, multi-level k-rarges, and non-
overlapping k-rarges[4]. Multi-leve k-rangeshave anin-
triguing range searchtime Q(N) = O(log N + A) with
storageS(N) = O(N1*#), for ary fixed value of £ and
e > 0. We explored ¢-level k-ranges expeimentally, and
weresurpisedto find the range searchperfamancesignifi-
cantlyworsethanpredictedby Bentley andMaurer’s analy-
sis.

*Faculty of ComputerScierce, University of New Brunswick Frederc-
ton,N.B., CanadaE3B 5A3. Email: g2a71@inhca

Facully of ComputerScierce, University of New Brunswick Fredert-
ton,N.B., CanadaE3B 5A3. Email: bgn@unkca

158

Bradfad G. Nickerson'

2 Data Structures

Thefollowing datastructuresarebothstaticin the sensehat
they donotsuppot dynanic opeationsof insertionanddele-
tion.

2.1 One-level k-range

F' is normalized by corverting eachcoordnateinto the in-
teger space,denotedas F. This is dore by sorting each
point z € F' by its correspndirg & dimensios. Letz =
(z1,22,-..,21), thenT = (T1,T3,--.,Tx) wherez; cor
respadsto the rank of z; with respectto all other points
sortedon thei-th coordnate. Therefae, all pointsare“nor-
malized by sortingall dimensims in ascendingorder and
removing dudicates,this canbedorein O(kN log N) with
O(N) space.

Definition 2 Foralli,j,twithl <i<j< Nandl <t <
kletF?) = {az € F,i <7 < j}.

A 1-rang, F(l) isalineararrayG, whereeachelemencon-
S|stsofasetof pointsG, andapointerp, (1 < ¢ < N). G,
is the setof all pointsin F' with first coordnateequalto ¢,
andp, pointsto thenext nonenpty elementn G.

For k = 2, a2-rargeis obtairedby storingeachof thesets
F(z) for1 <i<j < Nasal- rangeF( ) andby a2-darray
P of points,with eachelementP; ; (1 < < i < j < N) point-

ing to FZ( j). To carryout a range searchye first normalize
[L1, Hi],[L2, H2] (by performingabinarysearchover F' to
obtain the ranks),and then searchthe 1-rarge F%E for

poirts betweenZ; andH;. In gereral,we storeFi(";) as(k-
1)-ranges.

2.2 Multi-level k-range

Let us first considera 2-levedl 2-rarge. On the first level,
we considerone“block” which contairs N''/2 “units”, each
contaning N''/2 poirts. AssumeN is a perfect square.In
thefirst level we storeall C(N'/? 4 1,2) = O(N) consec-
utive intenvals of units, thatis O(N) 1-rangest. We store
eachl-rargein anarraysortedon the z-value,suchthatwe
have storageproportional to the numbe of points storedin
therange. In the secondevel, we have N''/2 blocks, each
contaning N''/2 units. Within eachblock, we storeall pos-
sibleintervalsof unitsas1-rarges.

1C(n,p) is the numberof waysto choosep element subsetrom a set
of n elemants.
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To perform a range searchon a 2-level 2-rarge we must
chosea coveling of they-range from boththefirst andsec-
ondlevel. Thiscanbedore by selectingatmostonecoveting
from level 1 andtwo from level 2 (seeFigurel for examge).
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Figurel: Searchinga 2-level 2-rangewith N = 9 [4]. The bold
vertical lines representlock boundaries and the regular vertical
lines representunit boundaries. Eachhorizontalline representa
1-rangethesel-rangesio notextendacrosslock bourdaries.The
crossed-hatatd sectionsrepresentherangesbeingsearchedlfg

in level 1, £ and Fy?) in level 2.

In gereral, for £ > 2 andk > 2, onlevel i we store
N(G=1/¢ plocks, eachcontainig C(N'/¢,2) = O(N?/%)
units represeting at most N1~ (i=1)/¢ points[4]. Each/-
level k-rargeis inductively constrectedout of £-level (k-1)-
range. To answelquery we selectanapprgriatecoveling
of the k-th coodinatefor eachlevel, andsearchthe corre-
spondhg (k-1)-range(seeFigure?2 for pseudaode).

Bentley andMaurerfoundthatby choosimg £ asafunction
of k ande, for ary fixedk ande > 0, thegenealized/-level
k-rarge hasthefollowing compexities:

P(N) = S(N) = O(N'+¢), and
Q(N) = O(log N + A).

3 Algorithms

Therearetwo mainalgoilithmsto considefor themulti-level
k-rarge: constretion andsearchingThe constriction algo-
rithm followsthedescriptim of thedatastructurérom Bent-
ley andMaurets pape, excep thatthey assumedV = a?,
wherea and/ areboth positive integers. In general this is
nottrue;we use[N'/¢] andM = [N'/¢]* to constrt the
blockandunit boundaries. Thepseudeodefor theconstruc-
tion algorithm is availablein [7].

The range searchalgoiithm recursvely searchegach/-
level k-rarge by finding, for eachlevel, which units overlap
the left point value and right point value for coodinate &
until £ = 1. Whenk = 1, the 1-rargeis searchd with a bi-
narysearctto find the startingelementhatis greatethanor
equalto theleft point'srank Thenall pointsarereporta be-
tweenthe startingelementandthefirst elementgreder than

the right point’s rank. Findingthe unit, FZ(';) that overlaps

the quey on coordiratet canbe donein constantime (see
indexing pseudoodein [7]). Thealgaithm belov assumes
thatRANGESEARCH is amethodof an/-level k-rargeobject

representinga unit 7.

SEARCHRANGE(L: left poirt, R: right point, k)
1 yi <« L.Ranks[k], yj < R.Ranks[k]
2 ifk=1
3 then SearchOneRange(yi,yj), return
4 numO fBlocks < 1, blockWidth « M
5 wunitWidth < [blockWidth/level RootOf N
6 fori+Qtol—1
7 do/* Calculatethecompletecoveringfor level i*/
8 I« [yi/unitWidth] * unitWidth
9 r + [(yj + 1) /unitWidth| x unitWidth
10 if blocks < 1 OR rprev < lprev

11 thenif { < r
12 then F}Si).SEARCHRANGE(L, R,k-1)
13 else if I < Iprev
k
14 _then F}Sl;rev.SEARCHRANGE(L, R,k-1)
15 if rprev <r
16 then FT(;;Z%,T.SEARCHRANGE(L, R,k-1)

17 lprev < I, rprev < r

18 numO f Blocks *= level RootO f N
19 blockwidth I= level RootO f N

20 unitWidth /= level RootO f N

Figure2: Searchalgorithmfor an/-level k-range.

4 Experimental Results

Experimentswere run on a Sun MicrosystemV880 with
four 1.2 GHz UltraSRARC Il processors16 GB of main
memay, runring Solaris8. Timeswereobtaired usingthe
timeval struct,which repots second andmicrosecods.

4.1 Range Search Test

Table 1 lists our resultsfor & = 2 to k = 5 for nave
(linear brutdorce search) multi-level k-range, and R*tree
searchig [2, 6]. Thefirst columnof resultsrepresets the
avergge searchiime, Ty a1v E, for the naive appoach. The
next two colurms are Tk, /Tnarve and Tr./TNarvE
whereTk, and Ty, equalthe averagesearchtime for the
multi-level k-range and R*tree, respectrely. For eachrow
in Table1, 300randan queriesareprocessedThe averag
searchtime over the set of resultsis Tayg = E;’:l T;,
whereT; = time for rangesearch,30 < ¢ < 300 with
A € [0,log N'/?). The samesetof randbm k-d points
and querieswere usedby eachdatastructure The quey
window sizewaskeptsmallin orderto avoid thesearchime
beingdomnatedby repoting. For the multi-level k-rancg,
£ = [log, N waschoserto minimize S(N, k) (seeLemma
2).
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Tablel: Rangesearchingestin milliseconds.

N [0,log N1/?)

k=2] 100 0.005 0.83 0.48
1000 | 0.072 0.59 0.24

10000 | 0.776 0.35 0.20

100000 | 15.4® | f 0.24

k=3] 100 0.005 2.83 0.54
1000 | 0.059 1.32 0.42

10000 | 0.745 f 0.31

100000 | 17.0%5 | f 0.5

k=4] 100 0.005 6.84 0.2
1000 | 0.064 549756 | 0.3

10000 | 0.796 f 0.3

100000 | 17.8® | f 0.3

k=5] 100 0.005 13.8 0.5
1000 | 0.056 f 0.46

10000 | 0.715 f 0.42

100000 | 17.45 | f 0.51

f - failedduring corstruction

We can see that the multi-level k-range could not be
constreted for half of the test cases. This is dueto the
excessie memay requrementsof the /-leve k-range. We
can also seethat the R*tree outpeformed the multi-leve

k-rargein every testandeventhenaive searchwasfasterfor

five cases.Section5.2 explains why this poa perfamance
occus. We discoveredthatnaive searchalwaysoutperforms
£-levd k-rangesfor relatively low valuesof & [7].

5 Analysis

5.1 Storage Analysis

Bentley and Maurer calculatedS(N) = O(N1*¢) for the
multi-level k-rarge for ary fixedvalueof & ande, but they
did notshaow theexactcalculationof e. We needto know the
valueof ¢ in orderto undestandtherelationshipbetweer?,
k,andN. In thissectionwe furtheranalyzethestoragecom-
plexity in orderto calculatethe exactvalueof .

A recusionrelationfor the storagecomgexity canbede-
finedasfollows:

¢
S(N,k,0) =Y NGDAECNYE 2)S(N' D/ | —1),
i=1

where we sum the total storageover eachlevel by mul-
tiplying the storageof the blocks by the storagefor the
units andrecursingon the maximum nunmber of pointsand
k — 1. By solvingthe recusion, we obtain S(N, k,¢) =
O(N'+2(:=1)/t)  Therfore,e = 2(k — 1)/£. We cansee
thataswe increase, we decresestorageby afactorof 2/¢.

5.2 Search Time Analysis

We consider/ andk asfactorsin the quely analysisandar
rive atthefollowing theoren.
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Theorem1 Q(N,k,£) = O((26)*V(log N + A)).

Proof. For eachk we recusively searcha maximun of 2£
£-level (k-1)}-rangesuntil £ = 1; whenk = 1, the /-level
1-rangeis searchedn O(log N + A) time. The following
recusioncanbedefined:

We solve therecusionasfollows:

Q(N7k5£) S 2€Q(Nak_ 176)
Q(Nyk_ laz) S QEQ(N,k—Q,E)
Q(Nak_ze) S ZK(Q(N,]?—?),K)

Q(N,2,£) = O(log N + A).

This gives Q(N,k,£) < (20)%*~YV0(logN + A), and
Q(N, k,£) = O((20)*=Y (log N + A)). O

5.3 Level Analysis

As mentimedin section5.1 andin [4, 7], increasing/ de-
creaseshestorageindprepiocessindgimefor themulti-level

k-rarge by afactorof 2/£. Bentley andMaureralwaysas-
sumedhatN = af, wherea and¢ arepositive integers that
is, NV is a perfectroat of £. In geneal, this will rarely be
the case.In order to corstructthe multi-level k-rarge when
N # af, weuseM = [NY4¢ ie. N < at. If N # af,

then M could be very differert from N. We mustanswer
two importantquestios: whatvalueof £ will minimizestor

agebasedbn N? anddoesthe storagecompexity chang if

N #a'?

Lemma2 S(N,k,£) is minimalwhen? = [log, N1.

Proof. WhenN # af, wherea and/ arepositive integers,
thevalueof M = [N1/4]¢ is usedby the (-level k-rargein
order corstructthe block andunit boundaries.

For £ > log, N, and¢ < oo, [N¥/¢] = 2. This can
berewrittenasN'/¢ < 2, whichreducsto

1
7 log N <log2,

by taking the logaithm of both sides. We seethat in-
creasing? pastlog, N will not decreasestoragebecause
[N1/£]¢ beconesequialentto 2¢ and S(N, k, £) becanes
O(2‘fl+2(k_lw). Therdore, we canonly reducestorageby
increaing/ upto [log, N1. O

Theorem3 S(N, k) = @(N+2(k—1)/logz N for fixedl =
[logy N1, whee N # af (i.e. N < a), anda and/ are
positiveintegers.

Theprod is omitted,asthistheoemis adirectconsegence
of Lemma 2 andtheresultfor S(N, k, £).
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This resultimplies that the storagecan never be smaller
than ©(N1+2(k—1)/1og2 N) = since £ is carefdly chosen,
basedon Lemnma 2, to minimize the storage. In general,
N # a*, andthe minimal storageis exponentialin k. This
resulthelpsexplain why the multi-level k-range implenmen-
tationfailedin mary of thetestcasesn Tablel.

5.4 Level Experiment

Figure 3 displaysa graphrepreseting the theoreticaland
implemenation valuesfor the total nunber of units and
pointsfor two differert testcases;N = 100 andN = 1000
with ¥ = 3. We could not veiify the storagefor large N
becausef the /-level k-rarge’s large memay requiements.
We can see that the value of both the theoretical and
implemertation stora@ is minimal when ¢ = [log, N1
for both cases. Once/ > [log, N1, the theoetical and
implemenation values contirually grow, this is due to
[N1/£]¢ becaning equivdlentto 2¢. Also, theactualstorage
correldes to the theoreticalby a constantfactor for most
valuesof /.

The actualstoragein bytesfor the ¢-level k-rargeis not
shawvn in Figure3, but for optimal/, N = 1000, andk = 3,
thedatastructuremustallocateover 150 million bytes.

Storage allocation as ¢ increases
le+10 T T T T T

Theoretical: k = 3, N = 100 4—
le+090 Implementation: k = 3, N = 100 -+
Theoretical: k = 3, N = 1000 £~
1e+08 F \ - Implementation: k = 3, N = 1000 ;x--:
X . x . . x
le+07 Y
S(N,k,2)

100000

10000

1000
2 4 6 8 10 12 14
Number of levels, ¢

Figure3: Experimentabndtheoreticaktorageallocationillustrat-
ing minimum storagefor ¢ = [log, N|. They-axisis the number
of units £/ for ¢ > 1 plusthe numter of pointsfor all F ;.

6 Conclusion

We fully implementd the multi-level k-range and com-
paredthis datastructue to naive and R*tree searching.To
our knowledge, this data structurehas never beenimple-
mented We shaved thatwhen?¢ and k are consideed as
factorsfor rangesearchingthe ¢-level k-range hassearch
compexity of Q(N,k,£) = O((26)*V(logN + A)).
We further analyzedthe storagecomgexity of /-level k-
range shaving that S(N, k,£) = O(N'+2(k=1)/¢) andfor
N # af, wherea and/ are positive integers, S(N, k) =
O(N'2(k—1)/logs Ny - \We ysedtheseresultsto deman-
stratewhy multi-level k-rangesarenot compditive for range
searching
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