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Abstract

A plane spanning tree is a tree drawn in the plane
so that its edges are closed straight line segments and
any two edges do not intersect internally, and no three
of its vertices are collinear. In this paper, we present
several results on a plane spanning tree such that the
graph which is obtained from the tree by adding a
line segment between any two end-vertices of the tree
is self-intersecting.

1 Introduction

A geometric graph is a graph drawn in the plane by
straight-line segments. Let U be a set of n points in
the plane. If no three points are collinear, then we
say that U is in general position. In this paper, we
suppose that all set of points in the plane is in general
position. We denote by K (U) the complete geometric
graph of which a vertex set is U and whose edges are
straight-line segments between any two points (ver-
tices) in U. For two points a and b in the plane, we
denote by ab the closed straight line segment joining
a to b. In this paper, an edge e joining a to b is the
same as the straight-line segment ab, and the term
line e means the line which contains an edge e.

A non-self-intersecting spanning tree of K (U), (i.e.,
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a spanning tree T' of K (U) such that no two edges in
E(T) intersect except their common end-vertex) is
said to be a plane spanning tree (on U). Especially,
we call a plane spanning tree with two end-vertices a
plane Hamilton path.

Plane spanning trees have been studied by various
authors. For example, Y. Ikebe et al.[4] showed that
any rooted tree with n vertices can be embedded as a
plane spanning tree on U, with the root being mapped
onto an arbitrary specified point of U. In [5], the
following theorem was presented.

Theorem 1.1 (Karolyi, Pach and Té6th) Let U
be a set of points in the plane in general position and
G be a geometric graph with vertex set U. If G does
not have a plane spanning tree, then the complemen-
tary geometric graph of G contains a plane spanning

tree.

E. Rivera-Campo[2] showed that a geometric graph
G contains a plane spanning tree if the subgraph of
G induced by any vertex subset with five vertices of
G has a plane spanning tree (on the vertex subset).
In this paper, we shall introduce a new kind of plane
spanning tree, called a geometric independency tree.

Let G be a connected graph. If the end-vertices of
a spanning tree of G are pairwise nonadjacent in G,
then the spanning tree is called an independency tree.



It is a plain fact that a graph which does not have an
independency tree is Hamiltonian. Furthermore, in
[1] T. Bohme et al. characterized the class of graphs

that contains an independency tree.

Theorem 1.2 (Béhme et al.) A connected graph
does not have an independency tree if and only if the
graph is isomorphic to a cycle, a complete graph or a
balanced complete bipartite graph.

We consider a geometric version of an indepen-
dency tree as follows. Let a and b be two vertices
of a geometric graph G. The two vertices a and b see
each other or a sees b if there does not exist an edge
e in E(G) such that e and the edge ab intersect inter-
nally. (Such an edge e is called a shield between a and
b.) A geometric independency tree (on U) is a plane
spanning tree T' (on U) such that no two end-vertices
of T see each other.

In Section 2, we shall determine the configurations
of a set U of n points in which there does not exist
a geometric independency tree on U with two and
three endvertices. In Section 3, we shall show that
any geometric independency tree on U does not have
more than |2 | end-vertices. Moreover, we shall prove
that given a set U of n points in the plain, there exists
a geometric independency tree 7" on U such that T'
has at least § end-vertices.

All notation and terminology not explained here

are given in [3].

2 Characterizations of geomet-
ric independency trees with

two and three end-vertices

Let conv(U) be the convex hull of a set U of points in
the plane, which is the smallest convex set containing
U. Denote by OU the set of points of U lying on the
boundary of conv(U). A point of U which is not on

the boundary of conv(U) is called an interior point
of U. Denote by I(U) the set of interior points of U.

First we show the following fundamental lemma.

Lemma 2.1 For any two points a and b in U, there
exists a plane Hamilton path H with end-vertices a
and b.

We remark that any edge in such a plane Hamilton
path is in conv(U). A geometric independency tree
with two end-vertices is especially called an geometric
independency Hamilton path. By using Lemma 2.1 we

prove the following proposition.

Proposition 2.2 For any two points a and b in U,
there exists a geometric independency Hamilton path
with end-vertices a and b if and only if a and b do not
see each other on K(U).

In Theorem 3.1, we will prove that any geometric
n

independency tree in K(U) has at most |%]| end-
vertices. By this fact, if there exists a geometric inde-
pendency tree in K (U), then n is at least 4. On the
other hand, since the complete graph K, with m > 5
is not planar, by the above theorem there exists a ge-
ometric independency Hamilton path for any set U
with n > 5. It is obvious that if n = 4 and K(U)
is non-self-intersecting, i.e., |0U| = 3, then K (U) has
no geometric independency tree. Hence, we obtain
the following corollary.

Corollary 2.3 For a set U of n points in the plane
with n > 4, there exists a geometric independency
tree if and only if U does not satisfy the condition
that n =4 and |0U| = 3.

Next, we present a stronger theorem than the above
corollary, that is, there exists a geometric indepen-
dency Hamilton path containing a prescribed edge

with the same exception.

Theorem 2.4 For a set U of n points in the plane
with n > 4 and any edge e in K(U) there exists a



geometric independency Hamilton path which passes
through e if and only if U does not satisfy the condi-
tion that n = 4 and |0U| = 3.

We also show that there exists a geometric indepen-
dency Hamilton path with a prescribed end-vertex in

most cases.

Theorem 2.5 For a set U of n points in the plane
and any point a in U there exists a geometric indepen-
dency Hamilton path H with an end-verter a except
that n = 4 and |OU| = 3 and that |0U| = 3, a is in
OU and [(U — a) = ¢.

We also characterized the set of points which does
not have a geometric independency tree with three

end-vertices.

Theorem 2.6 For a set U of n points in the plane
with n > 6 there exists a geometric independency tree
with three end-vertices except thatn = 6 and |0U| = 3
and that n = 6, |0U| = 4 and |0(U — {z,2})| =
|0(U —{y,w})| = 4 where the boundary of conv(U) is
a rectangle xyzw.

3 Bounds of the number of end-

vertices

In this section, we consider upper and lower bounds of
the number of end-vertices in geometric independency

trees. First we mention an upper bound of them.

Theorem 3.1 Let T' be a geometric independency
tree of K(U). Then, the number of end-vertices in
T is at most L%J

In addition, this bound is tight. Let U be a set
of n points in the plane such that U = 9U. Set
U = {vy,vq, -
clockwise about the boundary of conv(U). Let T be

-, up} and assume that the ordering is

the spanning tree on K (U) whose edges are U3;—102;

and TU2;—102;+1 for any integer ¢ with 1 < ¢ < L%J -1,

and v,_1v, if n is even, and v,,_2v,_; and U,_10,
if n is odd. This tree T is a geometric independency
tree whose end-vertices are vy; with 1 <i < [§] —1
and v,.

Next, we consider a lower bound of the number of
end-vertices. In section 2, we mentioned that for a
set U such that n = 4 and |0U| = 3, K(U) does not
have any geometric independency tree.

Theorem 3.2 Let U be a set of n points in the plain
with n > 5. Then there exists a geometric indepen-
dency tree T on U such that T has at least § end-
vertices.

4 Conjecture

We give a following conjecture.

Conjecture 4.1 Let U be a set of points and X be
the set of geometric independency trees of K(U), and
we define Thax and Ty, as follows.

Tmax = max #{end-vertices in T'}

Tmin = ;nel}l( #{end-vertices in T}

Then, K(U) has a geometric independency tree with k
end-vertices for any integer k with Tin < k < Thax-
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