Fast Delaunay point location with search structures

Luc Devroye^∗ Christophe Lemaire^† Jean-Michel Moreau^‡

Abstract

We present an improvement over a former technique, Jump & Walk ([7]), to locate points in the Delaunay triangulation of n sites uniformly distributed in a square. The method uses a dynamically balanced search tree. It is also studied when applied to a static balanced 2-d tree. This paper gives expected time analyses when the query points are bounded away from the boundary of the triangulation: the proof for the unrestricted case is much more complex, and will be presented in another paper (in preparation).

Keywords: Delaunay triangulation, height- and weight-balanced trees, 2-d trees, worst- and averagecase analysis, point location.

1 Introduction

Let S_n = {s_1, s_2, . . . , s_n} be a set of n distinct points in the euclidean plane E^2 , called sites, and G a planar graph of size n, with vertex set S_n. The (planar) point location problem consists in identifying the face (edge or site in degenerate situations) of G containing a given query point q. This problem, first addressed around 1975 in Computational Geometry,

∗Research sponsored by NSERC Grant A3456 and by FCAR Grant 90-ER-0291. Address: School of Computer Science, McGill University, 3480 University Street, Montreal, Canada H3A 2K6. Email: luc@cs.mcgill.ca.

†The research of the second author was done while he was at setra. New address: cea / mls BP 12, 91680 Bruyères-le- Châtel, France. Email: lemairec@bruyeres.cea.fr.

‡Research partially supported by lnh-edf, Chatou, France. Address: lisse / ensm.se, 158 Cours Fauriel, St-Etienne, France. Email: Jean-Michel.MOREAU@emse.fr.

was strongly motivated by applications in Geographic Information Systems or cartography, and has received a lot of attention ever since ([8, 3, 9, 10, 7, 11, 5], for instance).

Setting We intend to study the expected behavior of one of those solutions (Jump & Walk [7]) when it is optimized using an ordered search structure. Our motivation is that optimal solutions are complex and hard to code, while “Jump & Walk” is simple, robust, and we intend to show that it may be made competitive with the best methods for reasonably large sizes of input.

Define C_0 = [0, 1]^2, and C_ϵ = [ϵ, 1 − ϵ]^2, with 0 < ϵ ≪ 1 fixed. Unless otherwise notified, all the results in this paper will assume that the n sites of S_n are uniformly distributed in C_0, and that the random point q is restricted to C_ϵ, i.e., is bounded away from the boundary of the Delaunay triangulation. A complete analysis of the unrestricted case, requiring more powerful tools to handle the boundary effects precluded here, will be presented in a future communication by the authors.

Let A(x_a, y_a) and B(x_b, y_b) be two points of E^2 . We shall note A <_{xy} B the usual lexicographical order (x_a < x_b ∨ (x_a = x_b ∧ y_a < y_b), and use ‖A − B‖, ‖A − B‖_x, ‖A − B‖_y to mean the euclidean distance between A and B, |x_a − x_b|, and |y_a − y_b|, respectively.

The rest of the paper is organized as follows: Section 2 presents (oversampled) BinSearch & Walk, an optimization of Jump & Walk, and analyzes its expected running time. We then study the expected running time of a static variant of this scheme, based on a 2-d tree (Section 3). Experimental and comparative results are given in Section 4, and we conclude on possible extensions and generalizations.

2 Using a balanced 1-d tree

Jump & Walk ([7]) proceeds as follows: pick k ∈ [1, n] random sites in the data, select ζ, the one closest to q, and traverse the triangulation from ζ to q, exploiting the adjacency relationships between the successive triangles crossed by segment (ζq). In [7], using the following lemma:

Lemma 2.1 (Bose & Devroye [2]) Let L be a random line segment on C_ϵ. Then the expected number of edges of a Delaunay triangulation on n random sites in C_0 cut by L is bounded from above by c_0 + c_1|L| √ n, where c_0 and c_1 are universal positive constants not depending upon L or n.

Devroye, Mücke & Zhu proved that the expected running time of their method is O(k + √ n/k), which reaches its optimum (O(n^{1/3})) when k is Θ(n^{1/3}). If we now assume that the sites are organized as a dynamically maintained weight-balanced binary search tree (bounded balanced trees, cf. [1]) based on xy order, BinSearch & Walk proceeds as follows: start from the root of the tree, search for q; while doing so, determine, among all sites visited, the one, ζ, closest to q. Finally walk from ζ to q, as for Jump & Walk. We now prove the following Theorem:

Theorem 2.1 It takes procedure BinSearch & Walk O( √ n/ log n) expected time to locate a random point q restricted to C_ϵ in the Delaunay triangulation of n sites uniformly and independently distributed in C_0.

Elements of proof: (For a complete proof, see [6].) In a bounded balanced tree (which will be referred to as B_α tree), we are given a constant α ∈ [1/4, 1 − 1/ √ 2], and the following property: if ν is any node in the tree with left subtree l(ν), and we denote by σ(ν), σ(l(ν)) the number of external nodes (leaves) in ν and l(ν), respectively, the ratio σ(l(ν))/σ(ν) is always in [α, 1 − α]. (Note that this property also applies to ν’s right subtree.) This yields:

Lemma 2.2 Let m ∈ ]2, n] ⊂ R, and T be a B_α tree on a set S_n of n distinct sites in C_0 (no distribution assumption). Finally, let q be any point in C_0 but not in S_n, with search path π(q) in T . Then there exists a node ν on π(q) such that αm < σ(ν) ≤ m.

Proof: Omitted. See [6].

Now, consider searching any query point not present in the B_α tree associated to the n sites of S_n. Let η_s denote the tree node for any site s. Setting m = √ n + 1, Lemma 2.2 implies that we may find a subtree T_ν , on the search path for q, with at most √ n (and at least α √ n − (1 − α)) internal nodes.

Define η_l and η_r as the leftmost and rightmost nodes in T_ν , respectively. If q lies between sites l and r, keep the associated nodes as defined. Else, either q <_{xy} l, or q >_{xy} r. Suppose the first case, and replace l with its unique xy-order predecessor in S_n. Note that η_l is implicitly replaced with the corresponding node, which has necessarily been “sampled” higher up on the search path (possibly using a node for a dummy xy-minimum site), since q is not present in the tree. Also note that a similar argument holds if q lies to the right of r, and that the two situations are mutually exclusive.

Let S_{lr} be the rectangular portion of C_0 lying between l and r (inclusive), as defined above. This determines a vertical sampling strip in C_0, with unit height, containing q as well as at most √ n + 1 sites of S_n. Using well-known properties of order statistic variables with unit uniform parent ([4]), we may state

Lemma 2.3 The expected width of strip S_{lr} is E{‖l − r‖_x} ≤ √ n/(n + 1) < 1/ √ n . Now assume that the algorithm visits k sites in S_{lr} .

These will constitute a “random” sample of k sites in the vertical direction. We wish to find an upper bound on the maximum expected vertical distance between q and its nearest sample in that set:

Lemma 2.4 Let q be any point in S_{lr} , and S^′_k a random sample of size k among the sites in this strip. If ζ_y is the site in S^′_k lying nearest to q in the y direction, we have E{‖ζ_y − q‖_y} < 1/k.

Proof: Let s be any site in the sample. Consider a vertical segment of length 2t centered at q.

E{‖ζ_y − q‖_y} = ∫_1 0 Pr{‖ζ_y − q‖_y > t}dt = ∫_1 0 Pr^k{‖s − q‖_y > t}dt ≤ ∫_1 0 (1 − t)^kdt = 1 k + 1 . 2 Putting everything together Using all the previous results, we may now write: E{‖ζ_y − q‖} ≤ E{‖ζ_y − q‖_x + ‖ζ_y − q‖_y} ≤ E{‖ζ_y − q‖_x} + E{‖ζ_y − q‖_y} < 1 √ n + 1 k , since E{‖ζ_y−q‖_x} ≤ E{‖r−l‖_x}. If we replace site ζ_y with ζ, the sampled site nearest to q in the euclidean sense, we are done, since ‖ζ −q‖ ≤ ‖ζ_y −q‖. Now note that the segment (ζq) is with high probability in C_{ϵ/2} if q is in C_ϵ when n → ∞ and k → ∞, so that Lemma 2.1 may be used, yielding that the overall expected running time of the procedure is O (√ n(1/ √ n + 1/k) ) = O( √ n/ log n), since k = Θ(log n). This concludes the proof of Theorem 2.1. 2

Since it is possible to insert or delete an element in worst-case O(log n) time in a bounded balanced tree with n nodes ([1]), the location algorithm may be used in a fully dynamic context. However and for obvious reasons, its worst-case performance is linear in the size of the data.

Oversampled BinSearch & Walk Observe that the optimum of O(k + √ n/k) is O(n^{1/4}), and is reached when k is Θ(n^{1/4}). Hence, we can optimize the previous method by oversampling: traverse the tree from root to leaf, then backtrack on the search path, recursively traversing all non-visited subtrees (while still registering the visited site closest to q), until we have “sampled” Θ(n^{1/4}) nodes. This yields:

Theorem 2.2 Oversampled BinSearch & Walk takes O(n^{1/4}) expected time to locate a random point q restricted to C_ϵ in the Delaunay triangulation of n sites uniformly and independently distributed in C_0.

A more formal presentation of Oversampled Bin- Search & Walk and of its analysis may be found in [6]. Note that n → n^{1/4} is competitive with n → log_2 n up to more than 10,000,000 sites.

3 Using a balanced 2-d tree

If we remove the possibility of inserting and deleting sites, we may devise an even faster method, as follows. The unit square is recursively partitioned by a perfectly balanced 2-d tree, that is, the partitioning alternates directions between x and y, and member sets in the partition are rectangles. Every node in the 2-d tree receives one data point, about which the remaining points are split. Leaves correspond to empty rectangles. It is clear, therefore, that there are n non-leaf nodes, and n + 1 leaves. For a rectangle that properly contains a collection of data points, if a vertical split is made, it is made at the x-median of these points, where the x-median is uniquely defined if the number of points is odd, and is the leftmost of the two candidate medians when n is even. Horizontal splits are made about y-medians. A rectangle with one point is thus split about this point, and this results in two empty leaf rectangles.

When splits alternate between horizontal and vertical, we end up with a rather balanced 2-d tree. This structure is used in a static manner then for point location in a Delaunay triangulation for s_1, . . . , s_n. Assume a query point q is given. We determine in O(log_2 n) worst-case time the leaf region for q. Then we let ζ be the site in the node at the parent of this leaf. This site’s position in the Delaunay triangulation is of course known (in O(1) time). Then walk across the segment (ζq) in the Delaunay triangulation to determine the triangle for q. The extra time needed for this walk is O(1) plus the number of Delaunay edges crossed by the walk.

If q is restricted to C_ϵ as before, we now prove the the following Theorem: Theorem 3.1 E{‖ζ − q‖} ≤ e^{√8} √ 8/n. Proof: If we have a cloud of n points X_1, X_2, . . . , X_n distributed uniformly on [0, 1], x is an arbitrary point of [0, 1], and M_n denotes the median, then the length L_n of the interval among [0, M_n] and [M_n, 1] containing x satisfies the following inequality: E{L_n} ≤ 1 2 + 1 2 √ n + 1 . To see this, note that if n is odd, then M_n is beta ((n + 1)/2, (n + 1)/2) distributed, and that E{M_n} = 1/2 and Var{M_n} = 1/(4(n + 2)). Now, L_n ≤ 1/2 + |M_n − 1/2|, so that E{L_n} − 1 2 ≤ E{|M_n − 1/2|} ≤ √ Var{M_n} = 1 2 √ n + 2 . If n is even, then M_n is beta (n/2, (n + 2)/2) distributed, E{M_n} = n/(2n + 2), and Var{M_n} = n 4(n+1)2 . Thus, arguing as above, we have

E{L_n} − 1 2 ≤ E{|M_n − 1/2|} ≤ √ Var{M_n} + (E{M_n} − 1/2)^2 = √ n 4(n + 1)^2 + 1 4(n + 1)^2 = √ 1 4(n + 1) .

Next, let n_0 = n, n_1, n_2, . . . denote the number of points properly falling in the rectangle to which x belongs as x moves down the 2-d tree, and let k be the first index for which n_k = 0. It is clear that (n_i − 2)/2 ≤ n_{i+1} ≤ n_i/2. By induction, we have n/2^i − 2 ≤ n_i ≤ n/2^i for all k ≥ i ≥ 0. As n_{k−1} ∈ {1, 2}, we see that n/4 ≤ 2^{k−1} ≤ n, and thus n/2 ≤ 2^k ≤ 2n. If we begin with horizontal cuts, then the expected value of the horizontal size of the rectangle of x at the moment n_k = 0 is not more than ( 1 2 + 1 2 √ n + 1 ) · ( 1 2 + 1 2 √ n_2 + 1 ) · · · · · · · · ( 1 2 + 1 2 √ n_ℓ + 1 ) , where ℓ is the largest even integer not greater than k − 1. Here we used the fact that after a split, the y-coordinates of all points are uniformly distributed in their respective intervals, and that the samples are conditionally independent. We bound the expected value trivially by

1 2^{ℓ/2+1} exp ℓ/2∑ i=0 1 √ n_{2i} + 1

≤ 1 2^{(k−2)/2+1} exp ℓ/2∑ i=0 √ 2 √ n_{2i} + 2 ≤ 1 2^{k/2} exp ℓ/2∑ i=0 √ 2 · 2^i √ n ≤ √ 2 n exp { √ 2 · 2^{ℓ/2+1} √ n }

≤ √ 2 n exp { 2 · 2^{k/2} √ n }

≤ √ 2 n exp { 2 √ 2n √ n }

= √ 2e^{√8} √ n . It is easy to check that the same bound also applies for the expected vertical size of the leaf rectangle to which ζ belongs. By the triangle inequality, E{‖ζ − q‖} ≤ e^{√8} √ 8/n. 2

In other words, the expected length of the longest side in any leaf rectangle determined by the static 2-d tree structuration is O(1/ √ n), and the expected running time for the walk phase is O(1):

Theorem 3.2 Using a static 2-d tree to support the Search & Walk strategy, it takes O(log n) expected time to locate a random query point q restricted to C_ϵ in the Delaunay triangulation of n sites uniformly and independently distributed in C_0.

4 Experiments

We only present the results of some of our tests, due to lack of space. All experiments were conducted with C programs of the algorithms on a Convex C3 supercomputer with 2GB memory, which allowed data sets of up to 12 million sites. Each test implies 100,000 random queries on the corresponding data set. The distributions are all uniform in the unit square C_0, which helped in keeping precision issues to a minimum.

The first column of Table 1 shows the number of sites, in millions. The following columns show the location times, in seconds, for Jump & Walk, BinSearch & Walk, Oversampled BinSearch & Walk, O. Devillers’s algorithm, and finally 2-dSearch & Walk. Minor time fluctuations are noticeable in nearly all series. O. Devillers’s location algorithm becomes more efficient than Oversampled BinSearch & Walk around 500,000 sites, for a comparatively similar amount of memory used. However, the (C++ to C ) porting of Devillers’s algorithm on the C3 was no easy job, and, for unclear technical reasons, we could not have it construct Delaunay triangulations on sets with more than about 7,000,000 sites, while we could test ours up to 12 millions. It is quite interesting to note that our location method is still no more than 1.65 times slower than O. Devillers’s for 6 million sites! Scaled to one query, the difference comes down to 0.2 milliseconds. Still, 2-dSearch & Walk seems to be one of the fastest location algorithms, albeit of a static kind.

5 Conclusion

We have shown how to use simple order-based search structures to locate query points in a Delaunay triangulation. Such structures are also very useful in the construction of the Delaunay triangulations. The combination of the two strategies allows hybrid applications: first build the massive triangulations using an order-based optimal algorithm, and then perform the relatively fewer location operations. Actually, BinSearch & Walk is used in a real-scale constrained Delaunay mesh application developed at ensm.se for (and with the financial support of) the French Board of Electricity (edf-lnh, Chatou, France).

We are currently investigating the generalization of the methods presented in this paper to divided k-d trees, a powerful dynamic structure for multidimensional range searching ([12]), and working on the expected time analysis of all these methods in the general unrestricted case.

Acknowledgements The authors are grateful to O. Devillers (inria, Sophia Antipolis, France) for letting them use (and torture) the code for his own location application ([5]). The second author would like to thank setra for the use of the Convex C3. And the last author would like to thank G. Six (lisse) for his help in coding and testing various location procedures (including Jump & Walk, BinSearch & Walk, and even Kirkpatrick’s method), as well as his colleagues from the lisse Laboratory, and Laurent Carraro (3mi, ensm.se), for many helpful discussions.

References

[1] N. Blum and K. Mehlhorn. On the average number of rebalancing operations in weight-balanced trees. Theoretical Computer Science, 11:303– 320, 1980.

[2] P. Bose and L. Devroye. Intersections with random geometric objets. Computational Geometry: Theory and Applications, 10:139–154, 1998.

J&W BS&W OBS&W OD 2-d 0.1 45.20 16.50 15.95 20.80 5.70 0.2 61.25 23.33 20.45 23.26 6.18 0.5 88.65 34.61 27.21 24.46 6.96 1 113.70 41.83 31.21 26.83 7.31 2 145.03 55.26 37.81 26.81 8.18 3 167.96 65.58 41.70 28.51 8.48 4 184.53 80.45 46.98 29.80 8.66 5 198.03 88.25 49.93 30.43 8.76 6 210.78 86.35 49.68 30.18 8.86 7 222.26 93.41 52.58 30.06 8.95 8 232.81 97.88 54.73 9.06 9 245.26 102.90 55.11 9.55 10 253.01 109.83 56.58 9.40 12 271.21 130.05 61.80 12.28

Table 1: Location times (in seconds) of Jump & Walk, BinSearch & Walk, Oversampled BinSearch & Walk, O. Devillers’s algorithm, and 2-dSearch & Walk for series of 100,000 random queries in sets of increasing sizes (in millions, first column).

[3] F. P. Preparata D. T. Lee. Location of a point in

a planar subdivision and its applications. SIAM J. Comput., 6(3):594–606, 1977.

[4] H.A. David. Order Statistics. John Wiley, New

York, 1981.

[5] O. Devillers. Improved incremental randomized

Delaunay triangulation. In Proceedings of the 14th Annu. ACM Symp. Comput. Geom., pages 106–115, Minneapolis, Minnesota, May 1998. Also Technical Report 3298, inria, Sophia Antipolis, France, November 1997.

[6] L. Devroye, C. Lemaire, and J-M. Moreau.

Fast Delaunay point location with search structures: the restricted two-dimensional case. Technical Report RR. 99.5, lisse/ensm.se, St-Etienne, June 1999. Available at:

http://www.emse.fr/~moreau.

[7] L. Devroye, E. P. Mücke, and B. Zhu. A note

on point location in Delaunay triangulations of random points. Algorithmica, 22:477–482, 1998. See also [11].

[8] D. Dobkin and R. J. Lipton. Multidimensional searching problems. SIAM J. Comput., 5(2):181–186, 1976.

[9] M. Edahiro, I. Kokubo, and T. Asano. A new point location algorithm and its practical efficiency, comparison with existing algorithms. ACM Transactions on Graphics, 3(2):86–109, 1984.

[10] D. G. Kirkpatrick. Optimal search in planar subdivisions. SIAM J. Comput., 12(1):28–35, February 1983.

[11] E. P. Mücke, I. Saias, and B. Zhu. Fast randomized point location without preprocessing in two- and three-dimensional Delaunay triangulations. In Proceedings of the 12th Annu. ACM Symp. Comput. Geom., pages 274–283, Philadelphia, 1996.

[12] M. J. van Kreveld and M. H. Overmars. Divided k-d trees. Algorithmica, 6:840–858, 1991.