Convex Drawings of Intersecting Families of Simple Closed Curves

Bette Bultena∗ Branko Grünbaum† Frank Ruskey‡

May 10, 1999

Abstract

A FISC or family of intersecting simple closed curves is a collection of simple closed curves in the plane with the properties that there is some open region common to the interiors of all the curves, and that every two curves intersect in finitely many points.

Let F be a FISC. Intersections of the curves represent the vertices of a plane graph, G(F ), whose edges are the curve arcs between vertices. The directed dual of G(F ),

denoted D̃(F ), is the dual graph of G(F ), but with edges oriented to indicate inclusion in fewer interiors of the curves. A convex drawing of G(F ) is one in which every curve is convex. The graph G(F ) has a convex drawing if there is some FISC C whose curves are all convex and where F can be transformed into C by a continuous transformation of the plane. We prove that G(F ) has a convex drawing if and only if D̃(F ) contains only one source and only one sink. This means that we can determine in O(v) time, where v is the number of vertices in G(F ), whether F admits a convex drawing in the plane.

1 Results

When does a family of simple Jordan curves have the property that, by a continuous transformation of the plane, the curves become convex? The curves of Figure 1 admit no such transformation, but clearly some families can be drawn with convex curves.

∗Dept. Computer Science, U. Victoria, Victoria, B.C., V8W 3P6, CANADA. e-mail:

abultena@csr.csc.uvic.ca.

†Dept. of Mathematics, U. Washington, Seattle, WA, 98115, USA. e-mail:

grunbaum@math.washington.edu.

‡Dept. Computer Science, U. Victoria, Victoria, B.C., V8W 3P6, CANADA. e-mail:

fruskey@csr.csc.uvic.ca. Research supported in part by NSERC.

Figure 1: (a) An example of two intersecting curves that do not have a convex drawing. (b) The corresponding dual graph, which has two sources and two sinks.

We say that a collection of curves is finitely intersecting if every pair of curves intersect in finitely many points; at each intersection point, two curves may cross or not cross. Several curves may meet at the same point. A family of intersecting simple closed curves (or a FISC) is a collection of finitely-intersecting simple closed curves in the plane, with the property that there is some open region common to the interiors of all the curves. A FISC is simple if at every point of intersection exactly two curves meet, and they cross each other. A FISC is convex if each curve is convex.

We say that two FISCs are isomorphic if, by continuous transformation of the plane, one of them can be changed into the other or its mirror image [6]. If the FISC contains n curves then it is an n-FISC. Since the main result of this paper can be deduced easily for all FISCs once it is proved for those FISCs in which every curve intersects some other curve, we shall assume throughout the sequel that this condition is satisfied.

An n-FISC F = C_1, C_2, . . . , C_n can be regarded as a plane graph G = G(F), whose vertices are the intersections of the curves. The labelled edges of G are of the form C(v, w), where there is a arc on curve C with intersection points v and w, and no intersection points between them on this arc. The label of the edge is i if C = C_i. Each face, including the outer infinite face, is called a region when referring to G. The weight of a region is the number of curves that contain it. A k-region is one of weight k. The unbounded 0-region is called the outer region. Any n-region is called an inner region.

The dual graph D(F), of a FISC F is constructed by placing a vertex within each region

of F. For each edge of F that borders two regions, an edge of the dual graph is drawn which

connects the vertices within these regions. Note that each of the dual vertices corresponds to a face in F, and each of the FISC vertices corresponds to a face in D(F). We can associate with each of the dual vertices the subset of curve interiors of the corresponding region of F. We define the directed dual graph, D̃(F), by imposing a direction on each edge that indicates whether one dual vertex contains the other’s subset [7]. Clearly, a s t

s

Figure 2: (a) Four curves in the plane with common region s. (b) The corresponding directed dual graph with source s and sink t.

directed dual graph cannot contain a directed circuit.

A FISC is monotone if D̃(F) has a unique source (no incoming edges) and a unique sink (no out-going edges). The FISC shown in Figure 2(a) is monotone, as can be inferred by considering the directed dual graph shown in Figure 2(b). We will use the FISC of Figure 2 as a running example throughout this paper. It is a simple FISC.

Our main result is the following theorem. Since a source or sink in a planar graph can be found in time proportional to the number of vertices in the graph, the theorem implies an efficient algorithm for determining whether a FISC can be drawn with all curves convex.

Theorem 1.1 A FISC is isomorphic to a convex FISC if and only if it is monotone.

Our preliminary motivation was the drawing of Venn diagrams, a particular type of FISC, and our references reflect that motivation.

References

[1] B. Bultena and F. Ruskey, “Venn Diagrams with Few Vertices,” Electronic Journal of Combinatorics, to appear, 1998.

[2] K.B. Chilakamarri, P. Hamburger and R.E. Pippert, “Hamilton Cycles in Planar Graphs and Venn Diagrams,” Journal of Combinatorial Theory, B 67 (1996) 296-303.

[3] A.W.F. Edwards, “Seven-set Venn diagrams with rotational and polar symmetry,” Combinatorics, Probability, and Computing, 7 (1998) 149-152.

[4] Branko Grünbaum, “Venn diagrams and Independent Families of Sets,” Mathematics Magazine, Jan-Feb 1975, 13-23.

[5] Branko Grünbaum, “On Venn Diagrams and the Counting of Regions, The College Mathematics Journal, 15 (1984) 433-435.

[6] P. Hamburger, “A Graph-theoretic approach to Geometry,” manuscript, 1998. [7] F. Ruskey, “A Survey of Venn Diagrams,” Electronic Journal of Combinatorics, 4 (1997) DS#5.