Computational In v estigations of the Optimalit y of Tw o- and Three-Dimensional T riangulations under Sev eral Criteria (Extended Abstract) Akira T a jima � y ( tajima@trl.ibm.co.jp ) Hiroshi Imai y ( imai@is.s.u-tokyo.ac.jp ) Abstract The optimalit y of triangulations in t w o and three dimen- sions is computationally in v estigated b y using in teger pro- gramming (IP). Tw o form ulations of triangulations are in tro duced, one based on the indep enden t set problem, and the other based on the set partitioning problem. Some prop erties of trian- gulations that are in teresting from a theoretical or practi- cal p oin t of view are considered as ob jectiv e functions for IP . Finally , some computational results are giv en. In tro duction It is w ell kno wn that Delauna y triangulation (DT) in t w o dimensions is optimal in man y resp ects; for example, it maximizes the minim um angle, and minimizes the largest circumsphere and the largest minim um enclosing sphere. Man y applications, suc h as meshing algorithms for the �- nite elemen t metho d (FEM), dep end on this c haracteristic. But in three dimensions, it only minimizes the minim um enclosing sphere [1], and do es not necessarily lead to op- timalit y in other resp ects. In other w ords, DT is not so go o d in three or more dimensions. Th us, it is necessary to obtain a go o d triangulation for eac h application, namely , to optimize the triangulation. In this pap er w e in v estigate the optimalit y of triangu- lations in t w o and three dimensions b y using in teger pro- gramming form ulations. W e �rst in tro duce t w o form ula- tions. One is based on the indep enden t set problem, whic h w as in tro duced in [2] as a means of obtaining the minim um w eigh t triangulation in t w o dimensions. W e extend it to higher dimensions. The other is based on the set parti- tioning problem (SPP). The con v ex h ull of a p oin t set is divided in to small cells (called c ham b ers) separated b y the facets of all the candidate triangles, and obtaining the tri- angulation can b e treated as an instance of the SPP b y regarding eac h c ham b er as an elemen t [3]. De Lo era et al. [4] pro v ed that the co circuit form equations giv en in the follo wing section are su�cien t to describ e the SPP based on c ham b ers. � T oky o Research Lab oratory , IBM Researc h. y Departmen t of Information Science, Univ ersit y of T oky o. W e then consider sev eral ob jectiv e functions in b oth t w o and three dimensions, whic h are in teresting from a theoretical or practical p oin t of view. W e also giv e some computational results. F orm ulations The �rst form ulation is based on the indep enden t set prob- lem. F or example, in t w o dimensions, t w o in tersecting edges e i ; e j cannot app ear in a triangulation together, and therefore w e can set constrain ts on the corresp onding v ari- ables as y i + y j � 1. When triangle t j app ears in a tri- angulation, eac h of its facets (edges) e i also app ears, and th us y i � x j � 0 ( x i corresp onds to triangle t i ). M is the n um b er of triangles in a triangulation and is constan t in t w o dimensions: minimize P i c i x i s.t. x i ; y i 2 f 0 ; 1 g y i + y j � 1 (edges e i and e j in tersect) y i � x j � 0 (edge e i is a facet of triangle t j ) P i x i = M This is a form ulation in t w o dimensions; in higher dimen- sions, the in tersections are de�ned among simplices in dif- feren t dimensions, and the facet relations should b e de- �ned for ev ery simplex. F urther, the constrain t on the n um b er of triangles is replaced b y the total v olume con- strain t, since the cardinalit y v aries in dimensions higher than t w o. The second form ulation is based on the SPP , and can b e written as follo ws[4] : Let e k b e a ( d � 1)-simplex. Tw o half spaces H + e k , H � e k are de�ned b y a h yp erplane H e k con taining e k . Let e k [ a b e a d -simplex t i de�ned b y an elemen t a of the p oin t set A and e k . minimize P i c i x i s.t. x i 2 f 0 ; 1 g X t i = e k [ a;a 2A\H + e k x i � X t i = e k [ a;a 2A\H � e k x j = � � 1 e k is on the con v ex h ull of A 0 otherwise

Ob jectiv e F unctions In applications suc h as FEM, w e should a v oid atness of triangles for the sak e of computational stabilit y and accu- racy . The most straigh tforw ard index of the atness is the asp ect ratio (AR), whic h is the ratio of the radii of the circumscribing and inscribing spheres. Th us, w e minimize the maxim um AR (mAR) ; further, since the n um b er of triangles is constan t in t w o dimensions, w e minimize the sum of all the ARs (sAR) . The n um b er of triangles (C) v aries in three dimen- sions, and is an in teresting ob jectiv e function related to the follo wing op en problem: Op en Problem 1 [5] Is ther e a p olynomial-time algo- rithm for triangulating an arbitr ary c onvex p olyhe dr on with the minimum numb er of tetr ahe dr a? The minim um w eigh t triangulation in t w o dimensions is a famous problem, since it is not kno wn whether it is solv able in p olynomial time [6]. In three dimensions, the sum of the w eigh ts (W) is extended to the sum of the surface areas of tetrahedra. Exp erimen ts and Remarks T ables 1 and 2 sho w the optimalit y of triangulations in t w o and three dimensions. Bold digits denote optimal v alues. The input p oin ts w ere randomly generated in a unit square and a unit cub e. W e could not solv e the problem of minimizing the mAR for 30 p oin ts in three dimensions b ecause it consists of a large-scale b ottlenec k optimization: the branc h and b ound pro cedure just w en t deep er and the lo w er b ound nev er im- pro v ed. It ma y b e p ossible to solv e this problem b y using binary searc h. In t w o dimensions, all the triangulations had the same mAR, b ecause the v alue is highly dep en- den t on a p oin t v ery close to but not on an edge of the con v ex h ull. Ho w ev er, there are cases in whic h the mAR is v ariable. DT maximizes the minim um angle, and hence minimizes the mAR in most cases, but not alw a ys; in fact w e w ere able to generate a coun terexample. Optimization based on other criteria ma y b e classi�ed as summation-st yle, as opp osed to b ottlenec k optimiza- tion. F or the former, the in teger programming approac h is suitable, whereas for the latter, the algorithmic approac h is suitable. In t w o dimensions, DT ga v e v alues close to the optimal under summation-st yle criteria. On the other hand, in three dimensions, a DT tends to con tain more tetrahedra and the w eigh t is not small. DT can con tain a v ery at tetrahedron, compared with other triangulations, but this seems to dep end on the p oin t set, and more ex- p erimen ts w ould b e necessary to con�rm this tendency . An yw a y , w e can observ e that DT is not close to optimal- it y in three dimensions. Another v ery imp ortan t prop ert y of triangulation in T able 1: Optimalit y of triangulations in 2D Input DT IP(mAR) IP(sAR) IP(W) 20 mAR 524.94 524.94 524.94 524.94 sAR 739.99 1633.54 730.44 804.30 W 19.246 24.961 20.548 18.994 40 mAR 22632.5 22632.5 22632.5 22632.5 sAR 23465.9 79428.2 23378.3 23875.1 W 39.050 62.680 40.511 38.148 60 mAR 749179.7 749179.7 749179.7 749179.7 sAR 774087.4 2021213.6 774070.2 779885.5 W 50.612 82.064 51.633 49.720 T able 2: Optimalit y of triangulations in 3D Input DT IP(mAR) IP(C) IP(W) 10 mAR 3112.8 79.8 1617.7 452.7 C 19 15 9 12 W 7.894 7.630 6.833 6.503 20 mAR 29346.6 488.2 1617.7 3070.3 C 66 56 33 43 W 17.563 18.960 17.500 13.875 30 mAR 2637.7 | 97120.7 1 : 238 � 10 8 C 115 | 58 76 W 25.400 | 29.112 19.765 three dimensions is that not all p olyhedra can b e trian- gulated [7]. Through the use of in teger programming and maximization of the v olume that can b e triangulated, it ma y b e p ossible to gain some insigh t in to triangulatabilit y . References [1] V. T. Ra jan. Optimalit y of the Delauna y triangulation in R d . In Pr o c. 7th A CM Symp. Computational Ge ometry , pages 357{363, 1991. [2] Y. Ky o da, K. Imai, F. T ak euc hi, and A. T a jima. A branc h- and-cut approac h for minim um w eigh t triangulation. In Pr o c e e dings of the 8th A nnual International Symp osium on A lgorithms and Computation (ISAA C ’97) , v olume 1350 of L e ctur e Notes in Computer Scienc e , pages 384{393. Springer V erlag, 1997. [3] T. V. Aleksey evsk a y a. Com binatorial bases in systems of simplices and c ham b ers. Discr ete Mathematics , 157:15{37, 1996. [4] J. A. De Lo era, S. Hosten, F. San tos, and B. Sturmfels. The p olytop e of all triangulations of a p oin t con�guration. Do cumenta Mathematic a , 1:103{119, 1996. [5] M. Bern and D. Eppstein. Mesh genaration and optimal triangulation. In Computing in Euclide an Ge ometry , v ol- ume 4 of L e ctur e Notes Series on Computing , pages 47{123. W orld Scien ti�c, 2nd edition, 1995. [6] M. R. Garey and D. S. Johnson. Computers and Intr actabil- ity: A Guide to the The ory of NP-Completeness . W. H. F reeman and Compan y , 1979. [7] J. Rupp ert and R. Seidel. On the di�cult y of triangulating three-dimensional noncon v ex p olyhedra. Discr ete & Com- putational Ge ometry , 7:227{253, 1992.