Straight-line embeddings of three rooted trees in the plane

Atsushi KANEKO Department of Electronic Engineering Kogakuin University Nishi-Shinjuku, Shinjuku-ku, Tokyo 163-91, Japan M. KANO Department of Computer and Information Sciences Ibaraki University Hitachi 316-8511 Japan and Shin-ichi TOKUNAGA College of Liberal Arts and Sciences Kounodai, Ichikawa, Chiba 272-0827

May 12, 1998

We consider finite planar graphs without loops or multiple edges. Let G be a planar graph with vertex set V (G) and edge set E(G). We denote by |G| the order of G, that is, |G| = |V (G)|. Given a planar graph G, let P be a set of |G| points in the plane (2-dimentional Euclidean space) in general position (i.e., no three of them are collinear). Then G is said to be line embedded onto P or strightline embedded onto P if G can be embedded in the plane so that every vertex of G corresponds to a point of P , every edge corresponds to a straightline segment, and no two straight-line segments intersect except their common end-point. Namely, G is line embedded onto P if there exists a bijection ϕ : V (G) → P such that two points ϕ(x) and ϕ(y) are joined by a straight-line segment if and only if x and y are joined by an edge of G and all two distinct open straight-line segments have no point in common. We call such a bijection a line embedding or a straight-line embedding of G onto P .

In this paper we consider a line embedding having one more property. Let G be a planar graph with n specified viertices v_1, v_2, . . . , v_n, and P a set of |G| points in the plane in general position containing n specified points p_1, p_2, . . . , p_n. Then we say that G is strongly line embedded onto P if G can be line embedded onto P so that for every 1 ≤ i ≤ n, v_i corrresponds to p_i, that is, if there exists a line embedding ϕ : V (G) → P such that ϕ(v_i) = p_i for all 1 ≤ i ≤ n. The line embedding mentioned above is called a strong line embedding of G onto P . A tree with one specified vertex v is usually called a rooted tree with root v. Given n disjoint rooted trees T_i with root v_i, 1 ≤ i ≤ n, the union T_1 ∪ T_2 ∪ · · · ∪ T_n, whose vertex set is V (T_1) ∪ V (T_2) ∪ · · · ∪ V (T_n) and whose edge set is E(T_1) ∪ E(T_2) ∪ · · · ∪ E(T_n), is called a rooted forest with roots v_1, v_2, . . . , v_n, which are specified vertices of it.

We begin with the following theorem, which was conjectured by Perles [5] and partially solved by Pach and Törőcsik [4]; a simpler proof can be found in Tokunaga [7]. Another related result can be found in [1].

Theorem A ([2]) A rooted tree T can be strongly line embedded onto every set of |T | points in the plane in general position containing a specified point.

Kaneko and Kano [3] extended the problem as follows:

Theorem B ([3]) A rooted forest F consisting of two rooted trees can be strongly line embedded onto every set of |F | points in the plane in general position containing two specified points.

It is easy to see that there exist rooted forests consisting of four rooted trees which cannot be strongly line embedded onto certain sets of points in the plane in general position containing four specified points. Thus, ‘three’ is the the bound. In [3], the authors conjectured that ‘two’ in Theorem B can be incresed to ‘three’. In this paper we show the counterexample of this conjecture. We then introduce the definition of semistrong line enbedding by weakening the condition of strong line enbedding. G is said to be semistrongly line embedded onto P if there exists a line embedding ϕ : V (G) → P such that ϕ({v_1, v_2, · · · , v_n}) = {p_1, p_2, · · · , p_n}. In this paper, we prove the following theorem:

Theorem 1 A rooted forest F consisting of three rooted trees can be semistrongly line embedded onto every set of |F | points in the plane in general position containing three specified points.

References

[1] H. de Fraysseix, P. Pach and R. Pollack, How to draw a planar graph on a grid, Combinatorica 10 (1990) 41-51.

[2] Y. Ikeba, M. Perles, A. Tamura and S. Tokunaga, The rooted tree embedding problem into points on the plane, Discrete Comput. Geom. 11 (1994) 51-63.

[3] A. Kaneko and M. Kano, Straight-line embeddings of two rooted trees in the plane, submitted.

[4] J. Pach and J. Törőcsik, Layout of rooted tree, Planar Graphs (DIMACS Series in Discrete Math. and Theoretical Comput. Sci.) 9 (1993) 131- 137.

[5] M. Perles, Open problem proposed at the DI- MACS Workshop on Arrangements, Rutgers University, 1990.

[6] F. Preparata and M. Shamos, Computational Geometry, Springer-Verlag (1985).

[7] S.Tokunaga, On a straight-line embedding problem of graphs, Discrete Math. 150 (1996) 371- 378.