Illuminating Triangles and Quadrilateralswith Vertex FloodlightsFelipe Contreras1, Jurek Czyzowicz2, Nicolas Fraiji1 and Jorge Urrutia1AbstractWe show that three p/6 vertex floodlights suffice toilluminate any triangle, and we prove that anyquadrilateral can be illuminated by three p/4 vertexfloodlights.1 IntroductionThere has been recent interest in illumination byfloodlights [1] [2] [7], a new variation onvisibility problems in computational geometry. Afloodlight of angle a is a light that projects in a(contiguous) cone of angle a. A floodlight placedin a simple polygon with it’s apex at a vertex iscalled a vertex light; if it has an angle a, it willbe called an a- vertex light. The question ofilluminating a polygon with vertex floodlightswas first explored in [3], in which it wasestablished that every orthogonal polygon can becovered by º3(n-1)/8ß p/2 vertex lights. This workraised various questions and problems, one ofthem was the question of what vertex floodlightssuffice to cover any convex polygon of n vertices.Urrutia established that a convex polygon may beilluminated by any three vertex floodlights whosetotal angle is p.Another question was the following questionposed as an open problem in [6]: Given a convexpolygon P of n vertices, a set of k

≤

n vertexfloodlights each of angle a= p /k, placed one pervertex, can the lights always be oriented to fullyilluminate P? It was proven in [6] that thisquestion has negative answer for general k, but thequestion remains open for small values of k. (k =4, k = 5).It was shown in [6] that four p/4 vertex lightssuffice to illuminate any quadrilateral. This resultwas improved in two ways: [5] has shown thatfour p/4 vertex lights are sufficient also for anyconvex polygon. In this paper, we prove that inthe case of a quadrilateral, three p/4 vertex lightsare actually sufficient.______________________________________1 School of Information Technology and Engineering, Ottawa, Ontario, Canada2 D�partement D’informatique, Universit� du Qu�bec � Hull, Hull, Qu�bec, Canada2 Illuminating a triangleIn this section, we study the problem ofilluminating a triangle using three p/6 vertexfloodlights.Theorem : Every triangle can be illuminated bythree p/6 vertex lights.Sketch of the proof: The proof follows fromthe construction of Brocard, see [4]. Given atriangle ABC, draw a circle passing through vertexA and tangent at point B to segment BC. Repeatthis construction two more times: once for vertexB, point C and segment CA and the second timefor vertex C, point A and segment AC, see Fig.1.It may be proven that the three circles have acommon point of intersection O inside thetriangle. Moreover, it may be observed that thethree angles

∠

BAO,

∠

CBO and

∠

ACO are allequal to w, such that:cot w = cot A + cot B + cot CUsing this formula, it is possible to prove that w£ p/6. Placing vertex floodlights of theangles

∠

BAO,

∠

CBO and

∠

ACO we get anillumination using three equal floodlights ofaperture at most equal to p/6.

OCABOCABwww Fig.1 ¤Is is obvious that for any given triangle, using it’sBrocard point we get the smallest possibleaperture for three vertex floodlights whichmutually illuminate the triangle. As the twolabelings of the triangle - the clockwise and thecounterclockwise one - lead to two differentBrocards points, we obtain then two differentminimal floodlight illuminations. However, inboth cases the Brocard angle is the same.

The equilateral triangle is the hardest one toilluminate using equal size floodlights, as in w £p/6, the equality holds only for the equilateraltriangle ABC.Another problem with floodlight illumination of atriangle is to find a minimal angle a, such thatany three floodlights whose apertures sum up toa, will illuminate any triangle. We have thefollowing:Conjecture: Three vertex lights whose totalangle is at least equal to 2p/3 suffice to illuminateany triangle.It is easy to see that 2p/3 is also the lower boundfor this problem.3 Illuminating a QuadrilateralIn this section, we study the problem of findingan illumination for every quadrilateral with aminimum number of p/4 vertex lights. Asmentionned before, it was shown in [6] that fourp/4 vertex lights suffices to illuminate everyquadrilateral. In this section, we are showing thatactually three p/4 vertex lights are enough.Theorem: Every quadrilateral can be illuminatedby three p/4 vertex lights.Sketch of the proof: We take intoconsiderations the different cases of C, thesmallest circle circumscribing quadrilateral P. Wehave:Case1: |C ˙ P| = {X, Y}, where X and Y areantipodal points on the boundary of C. Supposingthat XY is a horizontal diameter of C, we considertwo subcases:1.1 XY is an edge for P. Two lights of p /4,placed at X and Y suffice to illuminate P.1.2 XY is a diagonal of P. Then the proof differsdepending on what are the quadrants of circle Ccontaining the remaining two vertices of P. (seeFig.2):

XYZTXYZTFig.2Case 2: |C ˙ P| = {X, Y, Z} where X , Y and Zare three vertices of P lying on the boundary of C.Without the loss of generality we assume thatXY is the longest edge of the triangle XYZ. Theproof differs depending on whether XY is an edgeof P.Case3: |C ˙ P| = {X, Y, Z, T}. We assume thatXY is the longest distance between all possiblepairs of points of {X, Y, Z, T}. Again, the proofdiffers depending on whether XY is an edge of P. ¤The hardest quadrilateral to illuminate, using threeequal size floodlights, is the regular one i.e. asquare, proving that p/4 is the lower bound forthis problem. In fact we think that any n-gon Pmay be illuminated by three floodlights, all ofthem sticking to the edges of P, and each one ofthe angle (n-2)p/n - the half of the average angleof P.References[1] P. Bose, L. Guibas, A. Lubiw, M. Overmars,D. Souvaine and J. Urrutia, "The floodlightproblem", Proc 5th. Canadian Conference onComputational Geometry, Waterloo, Canada(1993) 399 - 404.[2] J. Czyzowicz, E. Rivera-Campo and J.Urrutia, "Optimal floodlight illumination ofstages", Proc 5th. Canadian Conference onComputational Geometry, Waterloo, Canada(1993) 393 - 398.[3] V. Estivill-Castro and J. Urrutia, "Optimalfloodlights illumination of orthogonal artgalleries", Proc 6th. Canadian Conference onComputational Geometry, (1994) 81 - 86.[4] L. Guggenbuhl, " Henri Brocard and thegeometry of the triangle", Mathematic gazette 32(1953) 241- 243.[5] D. Ismailescu, "Illuminating a convexpolygon by vertex lights" to appear.[6] J. O’Rourke, T. Shermer and I. Streinu,"Illuminating convex polygons with vertexfloodlights", Proc 7th. Canadian Conference onComputational Geometry, Quebec, Que. Canada(1995) 151 - 156.[7] W. Steiger and I. Streinu, "Positive andnegative results on the floodlight problem" Proc6th. Canadian Conference on ComputationalGeometry, (1994) 87 - 92.