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Abstract

Consider a polygon P and two points p, ¢ € P. Sup-
pose that to move from p to ¢, we can travel along the
edges of P or through the interior of P. Assume that
the speed at which we can travel along the edges of P
is one unit per second, and the travel speed through
the interior of P is 1/s units per second (s > 1).
The problem consists of finding the shortest path be-
tween p and q. We solve this problem in O(n) time
for convex polygons. For simple polygons, we show
two algorithms. The first takes O(n logn) query time
with O(nE logn) preprocessing (where E is the num-
ber of edges in the visibility graph of P) and O(n?)
space, and the second algorithm runs in O(E logn)
query using O(FE) preprocessing and space.
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1 Introduction

Suppose that a traveler living in a polygonal world
represented by a simple polygon P wants to move
from a location p to another location ¢ and he may
do so by driving his jeep on highways built along the
edges of P, or taking shortcuts through fields. Our
problem is to find the fastest route from p to gq.

The speed of travel on the boundary is assumed
one unit while the speed in the interior is 1/s where
s > 1. In this paper we present algorithms to solve
this problem for the cases when P is a simple poly-
gon or a convex polygon. For the case where P is
a simple polygon, we give two algorithms, The first
one finds the shortest path from p to ¢ in O(nlogn)
time, assuming O(nE logn) preprocessing where E is
the number of edges of the visibility graph of P, and
O(n?) space. The second one has a query time of
O(FE'logn) with O(F) preprocessing and space. For
convex polygons, we solve the problem in O(n) time.
Our algorithms return a shortest path (there can be
more than one path with the same low cost). For an
example, see Figure 1.

A simpler version of this problem has been solved
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Figure 1: A simple example

for years: when the costs of traveling inside and on
the boundary are equal (s = 1), ie. the problem of
finding the shortest path inside the polygon. In that
case there is a unique shortest path which can be
found in linear time [Guib87]. Notice also that if
s < 1 then the resulting shortest path is the same
as when s = 1 except that we never actually travel
on the edges, but at distance ¢ from them (e is an
arbitrarily small constant).

A more complex version of this problem has been
looked at by Mitchell and Papadimitriou [Mitc87,
Mitc91] where traveling is done in a polyhedral ter-
rain in which each of its faces has an associated travel
cost. However, the time complexity associated with
this problem is extremely high (O(n®L) where L is
the precision). This problem allows multiple shortest
paths with equal cost.

The problem studied here has applications in Ge-
ographic Information Systems (GIS). Here the poly-
gon’s boundary represents part of a road network,
and the inside is a field, or other terrain which can
be traveled on. This terrain is considered to have a
uniform travel cost. This kind of algorithm can be
used for any kind of travel (foot, all terrain vehicle,
horse, dog sled, ...) where a road is defined as a nar-
row and long surface on which the traveling costs less
than on the surrounding terrain. This problem is es-
pecially important in emergency situations but it can
also be used for a range of traveling problems.
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